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f -ABSTRACT 



Th,is document consists of five units which all view, 
applications of mathematics to American politics. The first three 
view fcalculus applications, the last two deal with " applications of 
algebra. The first- module is geared to teach a' student how to: 1)' 
compute estimates of 'the value of the parameters in negative 
exponential models; and drafc substantive conclusions about .attrition 
processes from applications of negative exponentifl models. The next 
unit aims for pupils to gain an understanding' of the role of 
recruitment and' defection rates 'in political mobilization. The third 
module helps users understand some of the consequences and 
applications of a specific model. The last two modules make up a 
single .section. Their aim is to enable the student to work with an 
elementary gain/loss model, and to understand some of ^he ba'sic 
principles of the use o.f models, to study political behavior. All the 
units contain exercises, and answers to. all problem sets are 
provided. (MP) 
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. 1. FIVE PROBLEMS 

The turnover j>£ m legislators has considerable signifi- 
cance in theory and in practice: The possibility of 
electing new representatives is 'the essence of democracy 
ii^ theory, and the prospect of replacing , an incuirtbent _ 
s^timula^tes ambition in practice. Scientists and politi- 
cians have made manifest 'effort^ to measure or model, i 
exploit or avoid 'such turnover. * 

We shall 'consider some prob lems < related rcnrt^e^urn 

over and tenure of legislators The problems arise, In 
practice, as inchoate desires: Vfe wish (1) to forecast the 
future service of incumbent legi's labors , (2)' to recon- 
struct past legislative service' on the basis of fragmen- 
tary information*, (3) to estimate tije impact upon legisla- 
tive service of a hypothetical event, (4) to .measure an 
abnormal ^phenomenon, indirectly,, by its impact upon ' 
legislative service, and ,(5) to compare legislative 
service in various legislative* bodies . These problems! 
•have been stated as vague desires because such 'probleml 
are not exactly formulated, ' at least initially, in 
practice. 

Exact formiylations o£ these problems-, are given, in the 
examples and exercises, after the class of exponential' 
models that is used to solve the problems. 1 ' 

2. THE EXPONENTIAL MODEL OF LEGISLATIVE TURNOVER 

2.1 The Empirical' Point of View 

* We view legislative service as an,*attrition process 
^thar begins at some specified^ time with a set of legis- 
lators and continues *until some other time when those 
legislators have all ceased to serve. The process can be 
intuitively but precisely characterized as follows: 
Consider* the members 6"f a legislative body (briefly, a 




legislature) after some ^election . Those legislators are 
the original members. With the occurrence of deaths, ' 
/resignations, political defeats, etc., only some of tjie 
original members continue to be members after. the next 
election. Those s;irvjvors are the re-elected members,^ 
With the occurrence of .further deaths, resignations, . 
political defeats, etc.,, only some of the re-elected \ 
members continue to be members after the next:' subsequent' 
election. Those survivors are the re-re-elected members 
This process can contirraeTor an indefinite number of - 
steps; but eventually, the continuous service of all 
original members is ended. , 

We assume, that the rato of change 'iff the number of 
continuously serving members is directly proportional to 
the number of con't/nuously serving members or, in -other 
words, that actual turnover is proportional' to possible 
turnover. The plausibility of this assumption, as an 
empirical approximation , is suggested by the examples 
and ^exercises . 

2,2 Jlhe Fundamental Equation ' 

The'assumption that the rate of change is constant' 
is expressed^by the differential equation 

.(1) . $-'c« '■ . 

where M is the number of continuously serving members at, 
time t and c is a pos it i\fe . constant . T|ie solution of thi 
differential equation is / 

(2) M = M 0 e" ct , I 

where e is the irrational number 2.718... and M n is the 
number of original members. 

Equation (2) is the fundamental equation in the 
exponential mode^ . The characteristic appearance of this 
equation is displayed in Figure* 1. 

*y * • 2 




Figure 1 



t (t ime) 

The number of dcntinucusly serving legislators 
decreases with time. 



2.3 The Probability Interpretations 

Equation (2) models |:he w number of original members 
who serve continuously between t 0 and t, where t 0 is time 
zero for the process. The proportion of the original 
members > who, serve continuously, is therefore 

-(3) 0*1 = e" c,t . ' 

M o ' • ♦ " . 
which is the probability that an original member serves 
continuously between t 0 and t. Since the original members 
either do or do not serve continuously, 



(4) 



1 - e% Ct 



is the probability that an original member's continuous 
service is ended by time t. 

Equation (4) is the- exponential probabi 1 ity .distribu- 
tion. The expectation of this distribution, which is the 
counterpart of the mean in discrete statistics*, isoequaf to 

(5) i, ' • 

so op the average the original members should continuously 
serve this long from t„. The half J life of the distribu- 
tion, which is the counterpart of the median in discrete 
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statistics; is f approximately equal to 
(6) & 

so onlv half of the origin^, members should continuously 
serve longer than this from t 0 . These interpretations 
are invaluable in applications. 

2.4 Estimating the Constant 

EqUati °vlf ^ throu £ b ( 4 ) are functions of time^ but 
onlv the unit of measurement for time is vital for the 
exponential model of legislative turnover. The critical 4 
term in the model is the positive constant c whose value 
depen.ds<(in part) upon the unit of measurement for/ time. 

The observed data, for a particular legislature*, 
consist of the numbers of original members who contin-. 
uouslv survive the' elections between t 0 and t. Since the 
observations are only recorded around election ^time^, the 
data are not continuous, although the exponential model 
itself is continuous. Figure 2 describes a typical 
case. The estimation nrot/lem is to find a value for c 
that generates an exponential curve 'that comes close to 
the observed numbers plotted in Figure' 2- 

A quicV-and-dirty techniaue, for estimating the value 
of c, is basetf upon the half-life o$ the exponential 
distribution, as* given in Equation (6>. Consider the^ 
numbers that are graphed in Figure 2. Tfcere were 434 
original members, and 21* continuously served for at leas*t 
# 8 vears. We note that 217 is ome-half of 434*and ^hat the 
observed half- life should approximately equal the theoret- 
ical half-life. Since 214*is about 217, the theoretical - 
half-life shouljd be about 8 years. We set .693/c equal 
to 8 and solve for c, obtaining c = .0866 for the 1965 
U.S. House of Representatives. 

The standard technique, for estimating tYfe value of 
c,*is based*upon the natural logari thms ,of the observed 

9 ! 4 - 
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°^5) 2TT967) Tim) 6TT97TI 8(1973) t(years) 
Figure 2. *The numbers of continuously serving members after 

successive elections for the V\S. House of Representatives. 

numbers of continuously serving members. Natural loga- - 
rithms of. exponentially distributed numbers fall oa a 

-straight line, with .a slope o£ -c, since the natural 
logarithm function . is 4 the inverse o£ the exponential 
function, ^he. value of c, for the straight line that best 

/fits the natural logarithms of the observed numbers, is 
calculated using the formula ' I 



K7) 



(In H Q ) (tj + .... tj - [(In M^) ft,,).'* ... + (lnH n ),(t n )] 



2 + (t 2 )2 +. 



- ~W 

where (InM.) is the natural logarithm of the i th observe^ 
number of relevant members and t i is the numerical value 
-of t^je time (measured from t 0 ) of- the i th observed number.. 
The best fitting straight line 'is implicitly defined by 
the criterionfof ordinary least squares.* 
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• For an example of the standard technique, consider the 
numbers that are graphed' in Figure 2. Their naturaY v 
logarithms' are approximately 6.5730*, 5.8944, 5.73^6, 
5.5835 and 5.3660 for times in^years of 0, 2, 4, 6 and 8 
respectively. The sum of the times is equal to 20, and 

■ the sum of the, squares of the t^mes is equal to 120. We 
set cequal to [(^073O)(2O) - (5.8944X2)"-- (5 .7366) (4) - 
(5 . 5^35) (6) - (S. 3660)78)3/120 and t solve for'c, obtaining 
c = .0858 for' the 1965 U.3*. House of Representatives. This- 
' estijmate differs by .008 from the quick-and- di*rty * ' 
approximatiori . t * * . 

, Firially, with a computer, iterative techniques can be* 
used to estimate the* value *of c by trapping and then finding 
the best Value, where the best value is defined according ' 
to some criterion. These three techniques are illustrated' 
in the examples. * . & 

V . . ^ \ • * \ . * . 

• . 3'. FIVE EXAMPLES 

X, ' 1 

5.1 The U.SI'House of Representative's , 1965-197? { 

President Lyndon, Johnson (Democrat) was returned to 
office by a massive majority in the presidential Election 
of 1964 . Ther^e wa.s a co/icomitant landslide for his • 
party 1 s candidates -for the House of Representatives.. All ■ 
Representatives took office in 1965. The numbers 'of con- 
tinuously serving members^ who 'surivived the subsequent „ 
fQur elections; are given--jn Figure 2. ; ' 

We wished to forecast the number of 'continuously 
serving Members of the 1965 House who would survive the 
election^of November 1974 . '(This was actually done in a*\ 
public lecture by the author , in March 1974 .) President 
Richard Nixon (Republican) was embroiled, at the time o*f 
our* forecast, in the Watergate Scandal. Republican candi- 
dates were widely expected to have extraordinary difficul- 
ties in the upcoming election for the HoflstfV k . • * 

0 - 



Forecasts were calculated using estimated c values for 
the 1965 House and Equation (2), with M Q = 434 and t = lO- 
(years) in this case. Three estimates of c were used: the 
quJLck-a-nd- dirty approximation ofy.0866 , the standard esti- 
mate of .0858, and an iterative estimate of .0853. The * 

respective forecasts were 434e~ " 0866 ( 10 ^ = 182.6, 

434e -. 0858(10) m U40y and 434t -.0853 (10) = m g The 

actual number of survivors in* the election was 174. 
Perhaps all three forecasts were*- surprisingly good, given 
the supposedly unusual character of the election^ in 1964 
and 1974. Thfe quick-and-dirt)^ approximation of c'yielded 
the most accurate forecast, however, in this case. 

5.2 The^Andhra Pradesh Assembly, 1952-1967 

The Assembly is the state legislature in Andhra 
Pradesh. There* were state legislative elections in 1952, 
1957, 1962, and 1967. Professor G. Ram Reddy^and^iis 
associates made a detailed study of the 1967 Assembly. 
They reported (G. Ram Reddy, "Andhra Pradesh/ 1 in Iqbal 
Narain (ed.), State Politics in India , New Delhi, 1976.) 
that "about" sixty percent of the legislators were fresh- 
men and that "nearly" eight percent had served continuously 
since 1952. We wish, on the basis of this fragmentary 
^information, to estimate the unreported percentage who had 
served continuously since 1957. 

The temporal perspective is reversed,' when viewing 
continuous seniority as an attrition process, as shown in 
Figure 3-v The percentage dataware ^expressed as propor- 
tions in the graph for the Assembly. We guess, after 
inspecting the figure that the half-life for the plotted 
data should be' about 4 years. The quic^-and-dirty tech- 
nique, setting .693/c equal to- 4 and t sdlving for c, fields 
c =* .173. The accuracy of this quick-and-dirty approxi- 
mation is tested against the reported data. Equation (3) 

is the relevant formula for proportions of continuQ^i^l^v - 

"* -.173(5) 
serving members. We find that e . = .421 and - 



-.173(15) a ,075. These calculated proportions compare' 

7 
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, favorably with the repprted proportions of about .40 and 
nearly .08. Since a Yefined estimate of c can terdly be 
justified, given the fragmentary and approximatei^haracter 
of the observed da*ta, the quick-and-dirty approximation is 
used to solve our problem: e *173(10) _j -^11^ so about 
eighteen percent of the members should have served contin- 
uously since 1957. 



o 

a. 
o 



.1*0 



.08 



0(1967) 



5(1962) 10(1957) 15(1952) t (years) 



Figure 3- The proportions' of continuously* serving members are 
observed, looking backwards in time, after successive 
elections for, the 1 967 Andhra Pradesh Assembly. 
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Guessing and testing, as illustrated in this example*, 
is often useful in applications of mathematics. (The 
singular verb is proper since guessing and testing is a 
unified method.) In particular, guessing and testing is 
indispensable for the discovery of mathematical 'models 
3.3 The British House of Commons, 1935-1940 

The British House- of Commons' life is limited to a 
maximum length of five vears by the Parliament Acft of 
1911. Nevertheless, 'due to wartime conditions and by all 
party agreement, there was no general election between 
1935 and 1945. The 1935 Hpuse had a lifi? of ten 'years. 

* We wish to estimate what proportion of the original 
(1935) members would not have been re-elected if there had 
been a general election in 1940. Mr .^Lawrence Murz 
r(0akland -University, Department of Political Science, 
1970), in his senior honors paper, estimated that c = ■ 
.130, with time in years,- for the 193S House. (The 
estimate was made using the standard technique -and was 
ba^ed upon continuous service from 1935 through 1970. 
Since British general . elections were held at irregular 
times, time was measured^ in months in his original 'study.) 
With this estimate, the calculation is straightforward 
using Equation (4). The 'desired proportion is i-e'i 1 * 0 ^ 
= 1 - .522 = .478. 

. 3.4 The Soviet Central Committee, 1956-1961 

The Central Committee of the Communist Party promul- 
gates authoritative policy decisions in the' Soviet Union. 
Kremlinologists consider- it to be roughly* equivalent, in 
politics, to a unicameral legislature/ The Central 
Committee is elected by the Party Congress. t There were 
elections in February 1956, October , 1961 , March 1966, and 
March 1971. 

First Secretary Nikita Khrushchev, in some semi- 
secret infighting, remoyed his opponents from the Central 
dommittee in 1957. The number of members, who were 



removed in this purge, has never been made public, tfe 
wish to estimate that number. 

For 1956-1961 we- assume that the total turnover 
was equal to normal turnover plus the purged members. 
ThQ total turnover is a matter of public record. 4 We 
.estimate normal service with the exponential model. The 
1956 Central Cpmnrittee's full membership numbered 133; 
66 were re-elected in 1961 54- were re-re-elected in 
1966; and 35 were re- re- re- el ected in 1971. (See Thomas 
W- Casstevens .ancj James R . Ozinga, M The Soviet Central 
Committee Since Sta~lin," American Journal of Political 
Science, Vol. 18, No. 3, (August 1974), pp. 559-568.) 
We note that 66 is about one-half of 133; but since the 
'number 66 is itself assumed to be abnormal, the, quick- 
and-dirty technique should not be used to estimate the 
value of c. We use the standard technique and, since 
the elections occurred at irregular times, measure time 
in months. The natural logarithms are approximately 
4.8903, 4.1897, 3.9800, and 3.5553 for times 0, 68, 121, 
and 181 respectively. The sum of the'times is- equal to 
370, and the sum of the squares of the times is equal to 
,52026. Equation (7) sets "c equal to [ (4 . 8903) (370) - 
(4.1897) (68) - (3.989JJM121) - (3.* 5553) (181) ] /52026 , 
yeil-ding c = .0077. The number of original members, who 
theoretically should have been re-elected, is then 
133e -. 0077(68) m 78<8) by Equation (3). We infer that 
actual turnover exceeded normal turnover by 78.8 - 66 
= 12.8 full members. This estimate of the size o,f# the 
purge is a conservative estimate because normal s%yice 
was itself calculated using the abnormally low figure for 
1961. We conclude that at l^east one dozen full'members 
were purged by Khrushchev. 

3.5 The Central Committee and the House of Represen- 
tatives, 1956 and 1965 \ ~ T 

We wish, in this example, to compare the 1956 Soviet 

. V 
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Central Committee 'and the 1965/ U.S. House of Representa- 
tives, The values of the* constant c, which represent the 
% turnover rates, are* very useful .for this purpose. These 
vfclues are estima-ted above, using the standard technique 
but differing 0 units of time, as . 0077^(U- S. S . R. ) and 
.0858 CU.S.A/). * 

V 

The units erf time, must be standardized for compara- 
tive purposes. Equation, (2j holds, irrespective of the unit 
of" measurement for time, for all exponential models of 
turnover in a given body of legislators . The relation- 
ship' between the-values of the constant and the uifits of 
measurement for timer in any two exponential models of a^ 
given legislature, is therefore 

(8) c lS « c 2 'i 2 • v 

where time is measured, from the same starting point to the 
same^nstanf, 6n different scales for model sub-one and 
model sub-two. In particular, for a given legislature, the 
value of the constant for a' model in years is twelve times 
tlje value^of the* constant for a model in months. 

We chooVe to standardize, in this example, in terms 
of years. The value of the constant thus becomes (.0077) 
(12) = .0924 for the Central Committee. The value of the . 
constant remains .0858 for the House of Representatives. 
We npte, as summary comparisons, that the expectation 
(l/c)\s 10.8 years and 11,7 years and that the half-life 
(.693/c)\is 7.5 years and 8.1 years, respectively. These 
figures suggest that the contemporary pattern of ; # 
continuous legislative service, at the national level, is 
very similar liv^the Soviet Union and the United States. 

4. EXERCISES 

The 1965 U.S. House^6f Representatives. 

a. What is the value of the constant for time in months? 

b. How many continuously sen/1?Tg members snould have, been 

11 
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re-elected in the election of 1976? 
c. V/hat proportion of the 1 97 1 House'of Representatives' ^35 
members should have had at least 6 years of continuous 
seniority? * 

2. The, 1967 Andhra Pradesh Assembly. 

a. What is the value of the constant for time in months? 

b. What is the expectation for continuous seniority in years? 

3- The 1935 British House of Commons, which had^6^ or ig i nal 
memb^rs^was elected in' November 1 935 - 

a. What is the Value of the constant for time in months? 

b. How many original^ members should have been re-elected in 1 9^0? 

c. 'How many continuously serving members «shou1 d have been re- 
elected in the*election of October 1 964? 

d. ,What is the expectation for continuous service in .years? 
• e. What is the half-life for continuous service in months? 

k. The 1956 Soviet Central Committee. 

a! How many contiguously serving full members should have been 

re-elected in the election of February-March 1976. 
b. _ What proportion of the 1971 Central*^Comm it tee's 2^0 full 

/nembers should have^ served continuously as full members since 
. tffe-election of 1956?/* 

\ ' ^ J ' 

5. The 1957 Canadian- House of Commons, which had 265 original 

members, was elected in June 1957. There were subsequent elections* 

in March 1958, June 19&2, April 1963, "November 1965, and June 1968. 

jl*he numbers of original members, who were successively re-elected, 

were 1^9, 87, 55, ^2, and 23- * (See Thomas W. £a^stevens and- 

Wiljiam A. Denham III, "Turnover and Tenure in the Canadian House 

of Commons, 1867-1968," Canadian Journal of Political Science , 

Vol. 3, No. 4, (December, 1970), pp. 655-661.) 

a. Estimate the value of the constant for time in months, using 
the standard technique. * 

Prime Minister John Diefenbaker (Progressive Conservative) led 
his party's candidates to a landslide victory of unprecedented 
proportions in the t election of March 1958. 
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b. How many original members should have been re-elected in the 
election of March- 1958? 

c. How many original members failed to be re-elected due to the 
landsl ide in 1958? N • 

6. The.-1953 U.S. Senate, at the beginning of the session, had an 
*. observed median continuous seniority of 6 years. 

a. Estimate the value of the constant for time in years, using' 
the quick-and-dirty technique. 

b. What proportion of the members should have been serving 
continuously foe at least 30 years? 

7. Derive Equation (6)" from Equation {k) . 

8. Derive Equation (8) from Equation (2). 

5. ANSWERS TO EXERCISES 

A 

1. (ah .0072 if c = .0858 or .0866. 

(b) 155.0 if c = .0858; 153-5 'if c = .0866. The actual number 
is not known by the author. The 197** data might be 
included to re-estimate the value of the constant. 

(c) .65 if c » .0858 or .0866. The actual number was. .61. 
[Note: The theoretical numbers of persons are given to 

one decimal place for two reasons: The numbers are theorem 
tical.* And a theoretical number such as 153.5 is exactly* 
satisfied by an observation of 153 or -IS**.] 

2. (a) .01M- 

(b) 5-8 years. 



(a) .0108. 

(b) , 323.1. 

(c) 14.6. -Mr. Mu'rz 
was 15. 

(d) 7»7 years. 

(e) 64.2 months 



jrz (o£. c|t . ) reported^that the actual number 



(a) ,21.0, using February. The actual number is not known by* 

the author. 

(b) m \k. Professors Casstevens and Ozinga ( op . cl t . ) reported 

* • 15 
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that the actual proportion was 35 2k0 = .15. 

5. (a) « .019. 

(b) 223. 4. 

(c) 7**.**. This is a conservat i ve est ima te . 

6. (a) .1155. 
(b) .08. The actual proportion was .01: 

7. We set 1 - e ct equal to 1/2 and then solve for t* in terms»of 
by taking the natural logarithm of each side of the equation^ 
e" Ct = 1/2. 

8. For two exponential models of a given legislative body, for the 
same time period but different time scales, we have - 

and aTter dividing by H Q( we obtain \ 

. e'Vi . e~ c 2 l 2 
which yields 

~W -V2 • • 

after taking the natural logarithm o^ each side, so that 

c i l i ■ V2 ' v . 

as desired. 
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.1. INTRODUCTION 



Many political events occur at a specific time in a 
particular context, but few political events are unrelated 
to the past and the future. Past political conditions 
shage^the present just as present conditions have important 
implications for the future. Political conditions and 
events are usually part of political processes which 
can best be understood as occurring across time. Partisan 
political mobilization the enlistment of eligible 
participants in support of a political cause *- - is & such 
a phenomenon. The proportion of eligible participants ' 
who are mobilized is certainly a discrete event tied to 
a particular place and time, but the .level of mobiliza- 
tion is dependent upon mobilization in the past and has 
implications for mobilization in the future. 

This unit and Unit 298, The Dynamics of Political 
Mobilization: II, investigate the dynamic properties * 
of political mobilization-processes. Given limited * 
information, about a political mobilization process, 
what can be predicted regarding the outcome of the 
process? Can ye predict whether levels of mobilization 
will be consi'sjent or erratic. from one time period to 
the next? Are the implications of similar^mobi li zation 
processes different for political majorities and minori- 
ties? How* is. the mobilization process affected by the 
size of the pool of potential recruits? 

Partisan political mobilization can refer to a 
variety' of political behaviors: support for revolu- 
tionary political movements, participation in urban 
race riots, joining the Women's Christian Temperance 
Union; identification with a political party, or voting 
for" a particular" political candidate! In the discus- 
sions below, partisan mob i 1 i zation^ refers to 'the percent 
of the eligible electorate voting for a particular party 



in a given election. This' convention, however, "is 
primarily aimed at ease of discussion and does not 
-limit the general nature of the substantive problem 
being investigated or the model being developed. 

The present unit develops a simple model of the 
mobilization process and uses the model to simulate 
a number of different mobilization processes. Unit 
298, The Dynamics of Political Mobilization: IlV 
explores the model's deductive properties and* applies 
it to an investigation of an actual mobilization 
process. 

2. A MODEL OF THE MOBILIZATION PRO CESS 

A simplified model of the mob i 1 i zat ion "proc esS is\^ 
developed in this section to help answer the questions 
posed abov*. Before proceeding any farther, however, 
some", terms and concepts must be precisely and arith- 
metically defined in symbolic notation. 

2.1 Def initions 

Individual actions performed within a Spatial 
context determine the level of political mobilisation. 
For example, suppose we are concern^with Democratic 
mobilization in Cook County, Illionis. A Cook County 
resident who votes for the Democratic Party \s mobilized. 
The percent of Cook County residents who are mobilized 
is the level of mobilization in Cook County. 1 All resi- - 
l dents, however, are not eligible to participate in the 
mobilization process. Felons and people less than 18 
years of age are not allowed to vote. Therefore, the - 
level of mobilization is more accurately defined as 
the proportion of eligible participants who vote Demo- 
era t ic . In symbo lie notation. 

M"= D/E. 

2 
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Where: 



M * the level of mobilization, » 

D = the number of Democratic voters, 

6 = the number of eligible participants. 

The level of mobilization, however, is specific, to 
a particular time. This time dependence can be symbol- 
ically expressed as: 

M t = V E t5- 

In more verbal terms, the mobilization level at time "t" 
is equal to the proportion of eligibles who are party 
supporters at time r, t". 

Changes in the level of mobilization can also be 
expressed in symbolic notation. A change operator 
"A" without superscript is defined to mean the change 
in the mobilization level from one time period to the 
next. Therefore, the following equality holds. 

AM t = M t + 1 - M t .' 

The time sequence is a set of discrete, equally spaced 
points in time: t , t + 1 , . . . , t V" + ^ • Each time 
point can be thought of as an election. 

f Finally, all eligible political participants are 
not susceptible to the recruitment efforts of all 
parties. While most small t*>wn Vermont bankers are - 
legally eligible to vote, they are very unlikely to 
vote for the Democratic Party. An upper limit exists 
to tnV^proportion of eligible participants which can 
be enlisted in support of any political cause. This 
limit is symbolically expressed ats "L" and,, in order 
to develop a more easily interpreted model, is assumed 
to be independent of time -- constant across time. 

Exercise 1 •* 

The mobilization level is defined as the number of voters 
for a particular party divided by the number of eligible participants. 




Ik 



How does this definition substantively differ from one in which the 
number of voters for, a particular pai*ty are divided by the number 

9 

of voters for a)) the parties combined? 



The Model 



A simplified model of the mobilization process can 
be expressed with these symbols. Any change in the levei 
of mobilization between "t" and "t + 1" is undoubtedly 
a function of two factors : (1J the rate at which indi- 
viduals mobilized at M t" fail to continue their support 
at "t + 1" and (2) the recruitment rate among individuals 
who were not mobilized at "t" but are susceptible to a 
party 1 s recruitment efforts. These two factors are 
symbolically expressed in tnS following model. 



where : 



AM t = g(L - M ) - f(M ) 



r g = the recruitment rate among those who 
are potentially eligible for recruit- 
ment but previously unmbbilized 

f = the defection" rate among those who 
were previously mobilized. 



Exerc i se 2 * ^ • 

The model divides eligibles into three different categories. 
What are the categories? What other category might a more complex 
model include? 



The model developed here is a difference equation. 
Difference equations are formal representations of ways 
in which quantities change over time. The quantity of 
interest here is the level of political mobilization. 1 

1 1 ~ 7 : " ' ~ 

For a more complete, def in i tion of difference equatioos see 
Goldberg ( 1 958) . 
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This difference -equation can teach us several things 
concerning the properties of various mobilization process 
Two strategies exist for exploring the model's logical > 
implications. Symbolic values can be specified and a 
sequence of mobilization levels generated upon those 
conditions. Alternatively/ the symbolic values can be 
statistically estimated us^ing data from actual mobiliza- 
tion processes. This unit explores the first alternative 
while Unit 298 explores the second. * 

3. SOME SIMULATED MOBILIZATION PROCESSES 

Four values must be specified to generate a unique 
sequence of mobilization leveLs: "g M , "f", M L M , and 

'"Mq" (assuming time »t" to be a series of con- 
secutive integers beginning at zero). The difference 
between integers can be thought of as the time elapsing 
between equally spaced elections. Therefore, "Mq" is 
the initial mobilization level at the first election 
or the initial condition for the mobilization process 

*being considered, "M^' is the mobilization level at 
the next election, and so on. 

j-. 1 Scenario One 

v In this first simulation, the party of interest is 
a majority party which has nearly exhausted its mobili- - 
zation possibilities. The initial mobilization level 

"Mq" is .6 and the upper limit of people who might 
possibly be susceptible to the party' s appeal is .7. 
So, while the party has only mobilized 60 percent of 
the eligible electorate, it has-mobi lized (.6/. 7) or 
86 percent of those people which it has any chance af 
mobilizing. ♦ 

- Furthermore, the party is losing old "-friends at' 
a higher rate than it is making new ones. The rate 
of mobilization among immobilized, potential supporters 

* 5 




is only .1, while the rate of losses among those who" arj^ ' 
mobilized is .3 (i.e., .1, f = . 5 ). Therefore, the 

mobilization model can be rewritten in the following form: 
AM t = .l(.7 - M t ) - % .5(M t ) 

where: 

M 0 = .6- 

Figure 1.1 shovs the partial sequence of mobilization 
levels which is generated by this equation. The level of 
support for the par^y, especially in the early time periods, 
rapidly declines. The net rate of decline, however, comes 




closer to zero in each successive time period. As the 
process unfolds the levels of support decrease and, as 
a result, losses decline as well. In much the. same 
fashion, the pool of unmobilized potential supporters 
increases allowing the same rate of gains to result in 
larger absolute increases in recruitment. In this uay 
gains' and losses come closer to offsetting each other. 

c * > , ^ 

Exe/cise 3 

^ ' ■ 

Put the model into a recursive form which can be used to 
generate a unique sequence of mob i Mza£ ion .levels. That is, 
9 write the model in a way that expresses M^ + ^ as a function of M^. 
(Remember: AM = H } - M t .) 



3, 2 Scenario Two ^ - - 

<^ A* * 

Now consider a minority party which has not realized 
its potential. The party's level of support at the 
initial election being considered is only .2, but its 
limit of potential recruits is .7. Unlike the party 
previously considered, this party is experiencing a 
higher rate of gains than losses. Unmobilized potential 
recruits are enlisted at a .3 rate, while mobilized 
individuals defect from party ranks at a .1 rate.. These 
values for the model's parameters result in the following 
.equation: * 

AM t = .3(.-7 - M t ) - .l(M t ) 



where: 



-The~*sequence -of mobilization levels generated Jjy - 
this equation and shown in Figure 1.2 offers a contrast 
to the mobilization process previously considered. 
The party makes pronounced gains early in the time 

7 • 

32 
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* 




0.1 - 

o.o L 1 —j 1 1 i i 

0 1.2 3 A > 5 

Time * • 

Figure 1.2. A partial sequence of mobilization levels for 
a party with the following model parameters: 
9 = -3-, f * .1, and L - -7 (H fl - .2). 

\ . [ • ' 

sequence * but these gains become less dramatic over time . 
As- the party^s mobilization level approaches the size of 
the pool from which it can gain.new recruits, recruit- 
ment gains decrease. At the same time losses due to 
defection increase because the mobilized population has 
grown while the rate of defection has remained constant^. 
As" in the r previous instance, the net changes in the , 
mob i 1 i zat ion 1 evej decrease over t ime . 



niinorlty; : Vaij^^ tha"n -i/ses:: 

-$ot s^rprisi-ij^ 

• and t'Ke^mi^ bVeWs^ir-^ " 

stratqd , .however, ;tha^ mofcaid zajtiW level s ' 

approach their -pool ' 6t jT^^^3^- V^cVfi 1 t.s:r«ff V° f * " ^axd^ * 
pressed to coatinue^growfn^ a^£hjk;a^ir,ajari £y part? * 
whioh gains converts- at [frhigtef; ntb^thU-.Ijt'iVses old"./', 
supporters... : -Phe ^party's M*(tiaL-l,evs^ ^ ' 

. .6/j>ut "the up&e^^ -~ 
susceptitae to Wrt"£ ^ .7. .- v . 

The recruitment rare among immobilized ' ^ ,PP»nl t^Uy ' : 

vrecruitable indrv^als ' . 

among those previoru^ly^c^dWd -' : ^".l^ r - TheVe conditions 
result in the following 'equajtiptf: 



AM 



t - .3 (.7 : '-'M-). 7 ;.a(M t J 



where: 



M Q = .6. 



Even though the. recruitment rate is larger than 
the defection rate, this, majority party's support 
actually declines from its initial level in Figure* 
1^3. The change in mobilization is much less than 
the previous two instances, and the gradient of the 
change becomes even less pronounced as time passes. 
The scenario^ shows, however, that the 'direction of 
change is as much a function of initial mobilizaiion 
levels with respect to recruitment limits as it is a^ 
function of recruitment and defection rates. 
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» Time * 

Figure 1.3. A partial sequence of mobi I ization* levels for 
« Ja party with the following parameters: 

• 9 -.-2, f = . 1 , and L = .7 (M Q = .6). 



Exercjse k 

Could a party dose old converts at a higher rate than it gains 
new ones and still continue to grow? 

Exerc'pse ft 

i Specify recruitment and defection rates "g* 1 ^nd "f" — for 
Scenario Three which would result in mobiliaation increases from ' ' 
the initial .6 ley^l. . 



10 



35 C 



. V / 

- Exercise b 

i — — — — — , 
What implications does tBe possible discrepancy between 
(0 rates of^owth or decline in an absolute sense and (2) rates 
of recruitment and defection from subpopu lat ions of eligibles 
have for the strategies of party leaders? ^ 

Exercise 7 

In these first three simulations the size of the change 
$ has steadily decreased regardless of its direction. Do you think 
the direction of change' would ultfmately be reversed if the 
sequence was extended indefinitely? 



^3.4 Scenario Four 

None of the mobilization processes considered thus 
far have involved extremely large turnover rates. The 
ga;in and loss parameters of the model have not exceeded 
.31 In this simulation imagine a more volatile political 
climate in which the turnover among both supporters and 
non- supporters is m^uch higher. A majority party has an 
initial mobilization level of '.6 and its ceiling of • 
potential recruits is .8. The party's recruitment rate 

among those who are potentially subject to /Mobilization 

i 

but , previously unmobilized is .9. The defection rate 
amoijig those who are already mobilized is .5. These 
conditions are summarized, in the following equation. 



AM t = .9(.8 - M t ) - .5(M t ) 



where: 



M Q = ,6. 



The sequence of mobilization Igye ls generated' by 
this equation is shown in Figure 174 . This sequence is 
significantly different from those .previously considered. 
The direct ion of change in the other sequences was always , 
monotonic: changes always occurred in the same direction. 
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Figure 1.4. A partial sequence of mobilization levels for 
a party*with the following parameters: 



• 9^ f = .5, and,L =5 .8 (M' n 



.6). 



The political party being considered either consistently 
lost or gained support even though the rate of absolute 
gains or losses varied. In this instance, losses and 
gains alternate. As in the previous* ins tances , however, 
the absolute size of changes decreases in each succeeding 
time period. The process seems to settle down as time 
progres ses . . 

5 . 5 Scenario Five 

Finally, imagine a .small party with a large growth, 
potential which gains adherents at the same high rate 

12 
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that it loses previous* comers. The parr*'* initial 
mobilization level , s only .1 Hat its l,m,t of ootential 
recruits is .8. rbe defection rate a »ong piexioi.s , 
supporter* -and the recruitment rate jBongjrei ious non- 

supporteis „ho are potential eligible foi b.liratien 

a-re both If u conditions are shewn ni the loilcmj; 

equat ion . 

AM = i 8 • M ) - .-{M j 



-vvhe r c . 



M ( , = . 1 



The pattern of alternating gains' and losses seen in 
Figure* 1,4 is also. present in the>oquence of mobilisation 
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Figure 1.5. A part ial sequence of mobilization levels for 
a party with tbe following parameters* 
. 9 * .7, f = .7, am) L = .8 (M Q = .1) 
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levels penoiatf-J V tin- eqa. t ^n and -hewn in iigifre l.S 
Ihe mit'iaM \ t irn:iop r mohili nation level- is tVon ncn 
diamatK in tin- instaice. mi, c again, however, the 
absolute value of the ch.ng, J U iu.v,s in each succeeding 
tine Kuna. Both „f tlu-c latter two 'scenario-, have- # 
involved very volatile pelitual pio^o-scs narked hv 
!>oth ' 1} a h -£-- tunnnct amunc partv adherents and 
[:') fluctuating levels u* ouiall -uppojt for the partes 

0 4. SUMM ARY 

Ihis unit has demonstrated several properties of 
the mobilization process. lis lt is represented by oiu 
model-, which are not intuitive^!) obvious. All elements 
of the mod^i - the three parameters as well as tin 
initial mobilization level have impoitant and intfr- 
dependent consequences for the resulting mobilization 
process. No single paiaractei pi subset of parameters 
can be used to tvpify a mobilizatjpn process. lurthei.- 
more, the same set of parameter values for M g'\ "f", * 
and* "L" van have verv different implications depending 
upon the initial m: c of the party being con-ideied*. 

Recruitment and defect ion ■ rates ( "g" an j "p' ) 
mean different things to parties in different political * 
circumstances, . Part ics which have more fully exploited 
their potential pool of recruits ("h") have a moic 
difficult time achieving any additional growth. \s 
Scenario Ihree illustrates, parties winch ro.cruit at 
a highei late than they suffer defections can still ' 
decline in size. 

Ihe importance of recru itment. and defection rates, 
however, is illustrated by* conpa r ing the first three 
scenarios with the last two. Changes' in mobilization 
levels are monotonic in the first set of simulations 
regardless of the recruitment limits or initial mobili- 
sation levels. The parties either consistently increase 




14 



or consistently decrease in size. Conversely, net g^ins 
alternate with net losses in the second i>et of simula- 
tions even though one simulation involves a minority and 
the other ^nvolyes i majority party. In shorty the high 
rate^^f defection i recruitmcn: ure related to t:.e 
alternating .Lrvj , J*4ecrVu>e^ 'kn : t .zai: io*> le'.ei 
. t . fc *■ 

* .his unit - * . r*r,w r . ^:\r. t \is K~en e^v.ti^i 
i^daetive. \ ~ . u e.^ eJ; •» no .c^uits ,ir^ ,:tjir 
and *;ir^ general:: cicns are jrafcr. . Could »Jr con- , 
elusions concerr in, *fchat t*u sequence e t* \xob i 1 1 za t ion 
'level*' for a given >et of parameter* wouid look like 
without generating the" sequence ^ In other v*crds, could 

"vT' - » 

we deduce th'tf.. character is tic-* of a mobilization process 
rrom a knowledge of the parameter^ and the initial 
condition^? Unit 21S , [he Dvnarrtics of Political Mobili- 
sation: II, expjores the model's deductive properties 
'as well as applying it" to a consideration of an actua 
mobilization processV 
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5. ANSWhRS TO LXLRCISES 

The base of all eligioles includes considerations regarding* 
participation. This procedure measures the party's success 
at competing with apathy and the stay-at-home vote as well ds 
its abilitv to conpete with an^pposinc ^arty or parties. 

* / ' • 

Th§ fcbree categories are (l) thos^ aW.aov recruited-, M . 

(2) * those who a r e not supporters but 'unt be* t - M an j 

[3) those not ^osccvtibie to party recruitment efforts 

1 - L. 1 Anc tjer category could be these who would not, , under 
any circumstances., defect from party ranks: H. The model 
wouid then become: 



iM t « g{L - H t « - *l« t - jO 



M t+1 = M t +9(L " V " f[n .t ] * (1 " 3 ' f)M t + gL * 

Yes. For example, consider a party with the following 
parameter values L = . 3 , g = .1 , and f = .k. If the 
party "4 ini tial level of support is .1, its level of 
support at the next election woyld be 

If M t+1 is equal to M then: 

■.6=11-9: 0.6 /g(.7) 
.6 = .6 - .£g •- .6f + .7g 
0 = -.6f + !lg 
.6f = ,1g 

Therefore, in onder for a party to grow from an initial 
mobilization level of .6, given that L equals .7, -lg 
must be greater than .6f . * , f 

A party's choice between allocating resources toward 
m (1) recruiting new supporters or (2) insuring the continued 
support of those already recruited depends upon the rela- 
Tfonship between the party 's ,recrui tfnent potential and its 
current level of sup'port. 

1 1 would not. 
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1. INTRODUCTION 

Unit 297, The'Dynamics of Political Mobilization: I, 
developed a model of the mobilization process. Using •' 
that model, several sequences of mobilization levels were 
generated based upon different sets of simulated condi- 
tions. In this way var ious^factors • effects upon the 
mobilization process were isolated and evaluated. 

The present unit, has two aims. First, a framework 
is developed with which to deduce the properties of a 
mobilization process based upon mathematical properties 
of difference equations. . Second, the mobilization model 
is applied to the analysis of an actual rather than a 
simulated mobilization process. 

2. THE MODEL'S DEDUCTIVE PROPERTIES • 

Expectatiqns regarding the behavior" and outcome of 
various political mobilization processes can be based 
upon model parameters and initial mobilisation levels 
without inspecting the sequences of mobilization levels 
Which are actually generated. Thfs section develops 
the basis upon which these predictions are made. First 
general and particular solutions to difference equations 
are defined and illustrated. A general solution is then 
developed for the difference equation which corresponds 
to the mobilization model. Finally, the model's deductive 
properties are outlined. 

»■! Solutions to Diff erence Eq uations 

^difference equation solution is a single function 
which generates a sequence of values satisfying the 
equation at each time poftt . Consider the following 
simple case. % 

(!) * AM t - 2M t 
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or • j J . 

(2) M t + 1 = M t + 2M t = 3M f 

One solution for this equation is M t = 3*. The solution 
results in the following equality based upon Equation (2). 

(3) 3 t+1 = 3(3*). 

All the following .solutions, however, also satisfy the 
equality: 2(3*), 100(3*), .6(3,*). Each solution is a 
particular solution to the difference equation. A 
general solution, in contrast, provides a non-unique 
solution which is not related to any unique condition. 
All the particular solutions shown above are variants 
of th* general solution C(3 t ) -- wh ere C is any 
constant . 

We make use of the following Theorem: 1 if: (i) a 

general solution is obtained for a linea'r difference ' . 

equation of order >" and (-2) "n" consecutive values of 

the equation's generated sequence are defined, then it 

is the only solution to the difference equation with the 

prescribed conditions. To make use of this theorem, 

criteria roust be established for the order and linearity 

of a difference equation. The .order of a difference 

equation is defined to be the number of- discrete intervals 

upon which. the function depends." It is determined by 

subtracting the minimum time subscript from the maximum ' 

time subscript. In short, the mobiiWior. .model qualifies 

as a first order difference equation: \t+l) - t = 1. 

Furthermore,. the model is linear .because. the coefficient 

for "M " is. not a function of any "M ," 

t + k' * 



See Goldberg (l 958) . ' "*» 
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Exercise 1 

Wharfs the order of each of the fo Hewing 'difference equations? 



(a) 


X t" 


Vt-i " a 


(b) 


X t + 2 


" a 2 X t + 1 . + 


<c) 


X f3 


' a 2 X t 


(d) 


X t + 2 


" a 3 X t + 1 + 



1 

a 1 



t+2 "3 t+1 2 t V 
Exercise 2 

Which of the following equations are linear? (Remember: ' 
Linear equations need not have constant coefficients.) 

(a) X t+ ,-a 2 x; 

(b) \ + 2 " Wfl 

. (c) x .t +2 - a 2 tx t + a r * 



This theorem assures us that- we can .obtain a particu- 
lar solution t.o any first order linear difference equation 
for which- we know the general solution and any single- 
sequential value for the function. Using the p^vious 
example where M t+1 = 3M assume we know the value for 

Mj - 3M 0 



M 2 3Mj = 3(3M Q ) = 3*M 



(4) 



M k " 3M k-l 



In short, the particular solution is obtained by -sub- 
stituting M Q for C. 
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2.2 'Solving the Model * ' 

As you previously discovered in Exercise 3 of Unit 
297 , the mobilization model can be e^ressed in the 
following form: ^ 

< 5 > M t+ i - (1 - g - f)M t ♦ gL. ^ 

Sinca this equation is a first order linear difference 
equation, we only need to find a general solution and 
one sequential value for a given mobilization process 
to* uniquely solve it. 

Goldberg (1958) develops a solutifn for the following 
equation: 

(6) • X t + 1 = aj ♦ a 2 5c t . 

This equation is the same' form as the der Welders ion 'of 
the mobilization jnodel (Equation 5) where: 

( ? ) , «! = gC 
(8) a 2 = (1 - g - f)., * 

The solution can be, found as follows: 
■ . - X t+1 = a l + a 2 X t 



X t + 2 = 3l +'a 2 X t + 1 = 3l + a 2 ( ai + a 2 X t ) = 3^1 + a 2 ) + a'x,. 



(9) 

/ 
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t+Jo = M 1 + a 2 + ••• + a^" 1 ) + a 2 X t , 



Exercise- 3 



Find the solution f or^ t+|| . 



The quantity (1 ♦ ^ ♦ . . .. ♦ a * + l } be expressed , 

in a more manageable closed form by summing a finite 
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geometric series. First, set the quantity equal to "S". 
(10) S Ml ♦ a 2 ♦ ... ♦ a^ 1 ). 

Multiply both sides by a constant: "a 2 " . 
(U) a 2 S,« ( a 2 + a 2 + • • ■ + " 

Subtract Equation (11) from Equation (10j£* 
(12) S - a 2 S - (1 ♦ a 2 ♦ . . . ♦ a*" 1 ) - (a 2 ♦ a* + 

or 9 ' 



(13) S(l - a 2 ) « (1 . a*). 

Finally, dividing both sides by (1 - a 2 ) results in the 
closed, form for the original Equation (10). 

The difference equation solution caivth#efore be 
stated as follows: 

( ' 14) . X fk B •K*«l(( 1 -«2)/d-«2>) <> if « 2 M 
(1S) ~ X fV * X u. + ka l" if a 2 M. 



Exercise 

If we know the general solution and one sequential value we 
»can obtain the particular solution. What if we know the sequence 
value for t - 38 instead of t - 0? How could we solve the equation 
for t < 38? 



2.3 What Qood Has This Done? ' , 

t~ '< ' 

Now that we have a solution what can be done with 
it? Using the solution we can predict both (1) the 
outcome of a sequence" and (2) the behavior of a sequence 
as it approaches the outcome. Several possible sequence 
behaviors and" outcomes are considered here 2 
2 ' * 



The discussion that follows is a non-rigorous treatment that 
depends heavily upon/the discussion contained in Goldberg (1958) . 5 
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A constant sequence. First, a d i fference . equation 
can generate a sequence of equal values. In this case 
'the outcome of the difference equation is the same as 
its initial value and the sequence's behavior* is constant, 
Whenever the initial value of a sequence equals 
(aj/fl - a 2 )) and "a 2 M does not equal 1 ; the resulting * 
sequence is constant. This can be shown using. the 
Equation (14) solution. * 



So, 



Vk 



a 2 X t + 



a k 0C 
a 2 X t 



ah/(l 



*a 2 ) - ?a k ( ai /(l 
, 2($*' K^ 1 ■ 



a 2 )) 



I))). 



if "X t M (the initial value) equals (a 1 /(l - a 2 )) , 



the. right hand side of Equation (16) is eqjial to 0 and 
"X t+k " equals (a x /(l - a 2 )) as well. 

Some other sequence outcomes. Our consideration of 
other sequence outcomes is made simpler if we only 
consider the absolute value of difference equation 
sequences. The absolute value of sequences generated 
by -difference equations can increajfe without bound or 
converge toward some limit as well as staying constant. 
It can be seen by inspecting the solution in Equation 
(14) that th|^solute values for the sequence will 
continue to larger at an ever accelerating rate 

if "a 2 " is greater than 1 or less than -1. Therefore, 
if M a 2 " is greater than 1 or less than -1, the absolute 
value* of "X t + k " approaches infinity's "k" approaches 
infinity . 

Rather than growing without bound, the absolute 
value of the difference equation sequence will converge 
toward a limit if either: (-Ka 2 <0) or (0 < a, < 1). 



Both the 



l 2\ 



2 terms in the Equation (14) 



solution approach zero if either condition holds 
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Therefore, the sequence generated by the difference 
equation approaches the limit: 

(17) a x /(l - ,a 2 ). 

This value is subsequently expressed £s "M*** 1 .*,, 
«t * 
Some other sequence behaviors . What can be said 

regarding the behavior of a t difference equation sequence 

as i* approaches its outcome? fceturning to the Equation 

(14) solution, "a^" oscillates between negative and 

positive values if "z^* is less "than zero. Similarly, 

the!! sequence generated -by the solution also, oscillates 

regardless of the values for "X t " or the solution's 

other term: a 1 (Cl* - a*)/^- a 2 )). That is, declines 

in the mobilization level are followed by increases, 

and increases in the mobilization level are fallowed 

by declines . 

k " \ 

Alternatively, M a2X" grows or declines monotonically 

(constantly) .whenever "a 2 " is greater than zero. 'The 

difference equation sequence declines monotonically if 

"Xq m (the initial condition) is greater than' "M*" and 

increases monotonically if "Xq" is less than "M*" . 

Expectations regarding the outcome of a difference 

equation and the behavior of the sequence as it approaches 

the outcome are summarized in Figure 2.1; 



Exercise $ 

What can we predict about a^difference equation function 
for which we know the general sal ut ion but not the particular 
solution? What can we not predict from^he general solution 
alone? 



2.4 The Expectations' in Terms of the Model 

These mathematical expectations can be expressed 
in notation applicable to the mobilization model. First, 

7 
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(c) 



(b) 




igure 2.1 Expectations regarding the difference equation: 
* t+ 'l m a 1 + • fl 2^t ^ e Initial condition cannot 
equal (a } / ( 1 #: .a^) ) . 



direction of a 



a 2 > 0 



2 

a 2 < 0 



absolute value of a^ * 



i« 2 i< i 



I a. | > 1 



monoton ic 
convergent 
(a) 

monotonic 
d ivergent 
•(c) 



osci 1 1 atory 
convergent 

oscil latory ' 
d iverqent 

(d) 
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consider the limit of the process: "M? M . The limit is 
equ^l to a^/(l - a 2^ 9 but, making use of the equalities 
in Equations (7)' and (8), the limit can also be expressed 
as: - ^ 

(18) M* - jL/(g * f). 

Verbally, the limit of the mob ll lzaXitfn process *is the 
ratio of (1) the recruitment rate multiplied times; the 
upper limit of the population which is potentially sus- 
ceptible to a party's recruitment efforts to (2) the 
sum of the recruitment and defection rates, 

•The term provides an interesting and important 

analogy^ to the model (recall that: a 2 = 1 - (g + f ) ) . \ 
the sum of "g" and "f M must be greater than 2 or less 
than\ -2 for a divergent sequence to result. Neither 
condition is possible by definition. If either para- /™\ 
meter were negative, we would be dealing with positive\^Jf 
tosses or negative gains. Furthermore, neither parameter 
can be greater than 1; a party cannot lose more supporters 
than it already has or gain more" than those that are ^ 
eligible for conversion. These definitional con trad r^Jions 
in the model are related to an empirical impossibility. 
No party can gain or lose adherents indefinitely; un- 
limited growth cannot occur. In order for the model 
to be credible, "a^* 9 cannot be greater than 1 or less 
t\^n *1, 

The expectations developed here can be applied to 
the consideration ,.,of mobilization scenarios undertaken 
in the previous unit -- "The Dynamics of Political 
Mobilization /l These applications are made in 
Table 2.1 and, for purposes of graphic display, the 
mobilization limit of Scenario One is presented in 
Figure 2.2. \ 
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Table 2.1 



The Scenarios- of Unit 297 











1 imi t (M^) 


sequence behavior 




Scenar io 


1 


.07 


.60 


.175 ' 


* monoton i call y decreases (M^ > . 


175) 


Scenar io 


2 


.21 


.60 


• 525 


monotonical ly increases (M Q < . 


525) 


Scenar io 


3 


.21 


.60 


• 525 


monoton i ca 1 1 y decreases (M^ > . 


525) 


Scenar io 


4 


.72 


-.40 


• si* 


oscillatory convergent 




Scenario 


5 


-56 


-.40 


.400 


oscillatory convergent 





o.7 r « 




Mobilization Limit « .175 



0.0 ' 1 " 1 1 I I 

0 , ^ 2 ^ 3 ^ k 5 

Time 

Figure 2.2 The mobilizatipn limit and a partial sequence 
of mobilization levels for a Party with the 
following parameters: g = .1, f . .3, an< j 
L « .7 (M Q = .6), 

10 
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Exerc i se ,6 . 

What is the tipping point, in terms of M g M "and "f M , between 
an oscillatory and monotonic mobilization process? 



5, DEMOCRATIC MOBILIZATION IN LAKE COUNTY, INDIANA 

Previous considerations using the model have focused 

upon simulated mo'bil ization processes. This section 

> 

applies the model to an analysis of Democratic Party 
roobjil ization in Lake County, Indiana, from 1920 through 
1968. This period is ^an important one in American 
politics which includes the return to normalcy following 
World* War I, the Great Depression and the New Deal, the 
Eisenhower years, and the social turbulence of the 1960s. 
Lake County, which includes Gary, is an especially 
appropriate site for such an investigation since it has 
contained larg,e concentrations of the population groups 
upon which Democratic ascendancy has been based: industrial 
workers, blacks, and the poor. 

3.1 Statistical Estimation 

The two coefficients "a^' and "a 2 " for the " 
difference equation shown in Equation (6) can be statis- 
tically estimated on the basis of historic levels of * 
Democratic mobilization in Lake County. • The method used 
to estimate the coefficients is a statistical technique 
known ap ordinary least squares (OLS) . Given a Cartesian 
plane with a plot of data such as that shown in Figure 
2.3, OLS fits a straight line with constant terms of 
"a^*'-- the intercept — and "a 2 " -- the slope. This 
OLS line provides the best fit to the data because it- 
minimizes the sum of the squared discrepancies from the 
line. A single discrepancy or error is defined as the 
distance between an observed point in the plane and the 

58 



line, .perpendicular to the horizontal axis {Wonnacott 
and Wonnacott, 1972) . 



t+1 




xafcple oV 



Figure 2.3 An gxaliple olf an Ordinary Least 
Squarep Regress ion Lijie. 



Some hard to resolve statistical problems occur 
because we must statistically explain a given mobili- 
zation level in terms of a preceding mobilization level. ^ 
Our discussion ignores these problems; the scope of 
such a consideration would go beyond the bounds set 
here. This example is aimed at 'showing the application 
of the model to'an actual mobilization process rather 
than producing accurate, unbiased coefficient estimates. 

OLS was used to estimate the coefficients in the 
following model : * # 



(19) 
where : 



M 



t + 1 



a 2 M f 



M t = the proportion of Lake County adults ' 
voting for the Democratic presidential 
candTdate^ in year M t" 

t = 1920, 1924, 1964 

t + 1 * 1924. 1928 1968. 

\ ■ - 



See Hibbs (197^> for a consideration qf jtjiese problems. 
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The resulting OLS estimates are .14 for and .6^ for 

4 1 » 



a 2 



3.2 Estimating the Model Parameters 

"While calculating the values for "a^' and "a 7 " on 
the basis of V, "f", and "L" was a simple task, "the 
reverse is not so easi ly .accompl i shed . As Equations (7) 
and (8) show,^three unknown values must be defined on 
the basis of only two known values. This is an impossible 
undertaking-. unless an additional constraint can be 
imposed upon one of the three parameters. The model 
parameters, however, were chosen and defined to provide 
a descriptive representation of the mobilization process. 
Therefore, we can introduce some additional constraints 
upon the parameters in order to insure their descriptive 
adequacy. . # 

Several reasonable restrictions cai^ be imposed upon : 
the three parameters. They are the following: 

(20) / 0 < L < 1 

(21) 0 < g < 1 

(22) 0 < f ' 

. ... V 

The restriction contained in inequality (20) is bashed on 
the assertion that at least some subset of the adult 
population is potentially susceptible to party recruit- 
ment efforts, but the subset cannot equal or exceed t'he 

I \* ~ 1 

The Bureau of the Census issues population counts every ten years. 
Therefore, adult population estimates for elections occurring 
between census counts were derived using a simple technique of 
linear interpolation. For example, the 192** estimate was derived 
as f o 1 1 ows : 

V<* - A i 9 20 + ^1930 * A i920 )/10 ' 

A x symbolizes the number of adults living in LakeUounty during 

year "x". lh this example an estimate for 192*f \i derived from 
census figures for 1920 and 193O'. 
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size of the adult population. The' second and third 
restrictions (inequaliti.es 21 a^d 22) are based on the * 
previously discussed impdaus^b ll'fty of negative losses 
and gains and the fact that losses and grains cannot 
exceed the size of the relevant populations. A negative 
loss would be a gain, but it is impossible to recruit 
those parts of the population which are already mobilized 
Similarly, a negative gain would constitute a loss*,' bujt 
a party cannot lose supporters it doe^s not already^have . 
Finally, it would be impossible to Jose or gain more 
than that part of the population which is eli-gible to 
be lost or'gained. A perfect £ain or loss fate of 
either zero Or one might be conceivable, but the pos- 
sibility is sufficiently remote to fustify,the restric- 
tions. 4 « 

Equation (7) can easily be rearranged to result 
in (a 1 /g + L). Therefore, using the right side of 
inequality (20) , * •» 

(23) -a 1 /g ,< 1 or a 1 < g. 

Slight manipulation of Equation (8) results in 
<s{f = 1 - g -~a 2 J. Substituting this equality into 
the left side of inequality (17) produces: 

(24) . 0 < 1 - g -'a 2 or g < 1 - a^ 

So, ? "g" lies in the "interval bounded bv "a^* and 

"1 - a 2 " which is stown in the number line representation 

of Figure 2.4. Lacking better information it is 



g" 1 ies in thi s interval 

1 

^ 1 



•1 



Figure 2.^ Interval within which the estimate forv 
lies (a } < g.<1 - a 2 ). 



ii—ii 



14 



reasonable to suppose that M g" lies in the middle of 
the interval, Thi*s assumption results in the following 
.constraint: 

(25) .g » a x ♦ ((1 - a 1 - a 2 )/2). 

The assu^ion that "g" lies in the middle of the 
interval bounded by "a^' and "1 - a/ is more than a 
blind guess. If we assume that a normal distributees 
of estimates exists within the interval, then the J 
prohability c £ choosing an accurate estimate for "g*' 
is enhanced by picking the midpoint (see the bell-shaped 
probability distribution of Figure 2,5). Multiple 




F,gu ^ 2 * 5 Probability distribution for the estimates 
. < of "9". assuming that the estimates fdr the 

IV parameter are normally distributed within 

the interval. 

estimates exist for "g"'and for the other parameters 
because our choice of time points and elections is 
only a sampling from a universe of mobilization' levels . 
For example, we can choose off-year or pres idential - 
year elections, and we have a variety of elections^ to 
choose from for a given series of years. Therefore, 
the resulting parameters are estimates of the "true" 

underlying parameters. 

» 

In most instances the interval bounded by i'a^' 
and M l - a^; will be small making the , assumption a 



fro* 
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fairly safe one. We should, however, be sensitive to two 
potential problems. First, "a " must obviously be less 
than "1 - a 2 '\ Second, if "a^* is negative, "1 - a 2 " is 
greater than x>ne. This means that the interval may be 
significantly larger, depending upon "a 1 ", than if "a 2 " 
was positive , 



Exercise 7 

Using the estimates for Erie clunty, what interval does "g M 
I ie wi th i n? » 



The three mociel parameters can be estimated using 
the following system of equations and the OLS estimates 



for "a" and 



"a " 



1 a 2 

g = a 1 ♦ ((1 - a 1 -,a 2 )/2) 

(26) f = l . a? - g 

L = Vs. , 

3.3 Applying the Model to Lake County 

Based on this system of equations, the following 
Lake County estimates are obtained for the parameters 
of the mobilization model.- * 4^ 

g ■ .26 " I 

(27) f - .12 
L = .54. 

The parameter estimates suggest that the Democrats • 
recruitment rate has been over tw.ice as large as their 
defection rate. Only- slightly .more than half of the 
population, however, appears susceptible to party 
recruitment efforts. ** ' * 

Two Democratic mobilization paths are shown for, 
Lake County in Figure 2.^ the observed* sequence Qf 
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mobilization levels and the difference equation path 
generated with 1920 as the initial mobilization level 
and the above parameter estimates. The difference 
equation representation of the process is N a Nnonotone 
increasing^ sequence which converges toward a limit 
(M*) of .37. There are, however, observed mobilization 
levels which lie above the limit. This fact is not 
troublesome if we (1)- view the model parameters as being 
constant factors operating throughout the period and 
(2) treat discrepancies from the difference equation 
path as deviations due to irregular factors not included 
in the model. For example, the path based upon the same 
model parameters with the 1960 mobilization level as 
its initial condition converges toward the samfc ;imit, 
but it would beva^monotone decreasing sequence. 

• At first inspection these mobilization levels may . 
appear somewhat low. Only 54 percent o|Jtne population 
is susceptible tf the Democratic Party's recruitment ' , 
efforts and the mobili zation- process converges toward 
a level where only 37 percent ofthe population is 
mobilized in support of the Democratic Party. Hfce level 
of mobilization, however, is defined to the baW'of all 
eligibles rather than all vpters. "Therefore, these 
mobilization levels reflect overall turnout as well as 
partisan support. The mean Lake County turnout rate 
for presidential elections from 1956 to 1968 was 
approximately 69 percent. Usxng this 69 percent figure 
as a norm, the pool of potential Democratic supporters 
is 78 percent the size of the aveVage turnout. The "M*" 
or limit of Democratic support is 54 percent of the 
average turnout. In short, rather' than indicating 
weakness these two estimates "L" and "M*" give 
witness to the strength of the Democratic Party in Lake 
County . 
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* Exerc fse 8 

'Sincere did not constrain the statistical estimation of "a^ 1 
what would you ha/e concluded if the estimate for, ,? a 2 " had been 
greater than 1 or less than -1? ■ 



4 . SUMMARY * 

This unit, and Unit 297, The Dynamics of Political 
Mobilization: I, have shown several things/ Political 
events can profitably be. viewed as being interdependent 
across time. The past is related to the present, and 
both are therefore related to the -future. In particular, 
political mobilization is a process -rather than a series 
of discrete events. 

Predictions can be mad.e regarding the outcon/e and 
/ behavior of a^ political mobilizat ion' process on*' the 
basis of a simple mathematical model. The limit of the 
process can be determined, and the Oscillatory or mono- 
tonic progress of the path can be specified. The model 
can be used to simulate mobilization processes or to 
analyze processes which have occurred in the past. 

, Finally, similar, mobilization processes have 

different consequences for political parties* of different 
sizes. Two, parties with the same recruitment limits 
and recruitment and defection rates also have the same 
mobilization limits regardless of-their -initial mobili- 
zation levels. Therefore, the same processes can result 
in a net gain for "one party and a net loss for another. 
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5. ANSWERS TO EXERCISES 



(a) 


f i rst ^**~* 


(b) 


first ' 


(c) 


thi rd 


(d) 


second 


(c) 








'Yes. 





• 3 

a, + a 2 X t T, then-(X t - -a,^ ♦ 1/a 2 X^). 
Therefore, t^e difference equation must Be solved in reverse 
direction where: t » 38, 37, 36, ... 1,0. 

We can predict (1) whether the sequence' has a limit or an 
equi I ibrium,/ (2) what the limit is, and (3)*how the sequence 
will approach the outcome, i.e., divergence Or convergence. - 
We cannot predict whether a monotone sequence will be 
increasing or decreasing*? 
/ * 

A sequence is oscillatory whenever the sunrof (g + f).is ' 
greater than one. 

■1* < 9 < -38. y t 'J 

One appropriate conclusion would be that the model provides 
implausible results. That is,' for _these data and this 
mobilization process, the model is inadequate. 
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1 . I Hi MODI L 

1. 1 ! n t rod uujt . ion 

Popular support for a president i> often taken as 
a convenient, if somewhat crude, indication of the fate 
of an administration and some of it* major policies, 
f-or one thing, presidents who are facing a second 

election cannot afford to m^ur too much public wrath. * ' 

Suvh president- are thcietore iikelv to exhibit some 
sensitivit\ to poll results. Rut the president is not 
the -Mil* one who is concerned about the results of 
popularity polls. Public support for a president also 
seems to carr> over to popular opinion about the admin- 
istration and the political party of the president. 
Ihe president's partv , foi example, does considerably 
better in congressional elections if the president 
has managed to gain a^large amount of public support 
at the time of the election. Ihus, congressmen facing 
re-election and potential future congressmen are also 
concerned about a president's success in winning 
popu 1 a r suppo r t . 

President Nixon's popularity ratings, prior to 
his resignation in l'J"4, illustrate the relevance of 
public opinion for anaUscs of presidential politics. 
Table 1 clearl> indicates that Nixon's popularity * 
plummeted throughout 19"3. By the beginning of 1974, 
his ratings had tapered off to a low of about 2S* 0 of 
the population approving of the way Nixon handled the 
presidency. Bv the time of his resignation, then, 
Nixon had moved from being a highly popular president 
to be i ng a mo s t unpopu 1 a r one . ^ 

. The fat? of Nixon's administration i s v of course, 
an extreme example. Most presidents do ,not suffer a 
scandal of Watergate proportions, nor do most resign" 
from office. Nevertheless, Nixon's decline in popularity 

* 
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Tabu i 

Trend in Nixon's Popularity, L 9 1 i>7 4 
Approve Pi sapprove 



January, 1973 


684 


25* 


February 


65* 


25 


March 


59 


32' 


Apr i 1 
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1*0 


May , 


, M 


**5 


June 


^5 


**5 


July 




^9 


/August 




5^ 


September 


* 32 


59 


October 


27 


60 


November 


27 


6-3 


December 


29 


60 


\ 

January. 197^ 


26 


6^ 


February 


25 


6^ 


March 


26 


65 


April 


26 




May 


28 


61 


June 


26 


61 



Source: Gallup Opinion Index 



is not as unusual as* it might appear at first glance. 
Presidents typjcally find that their public support 
decreases throughout the course of their term in 
office. Figure 1 illustrates this phenomenon for 
some recent presidents. Clearly, Nixon's fate at 
the polls was not peculiar; in fact, presidents 
are generally unable to maintain the kind of popular 
support the-y enjoyed at the beginning of their 
presidential term. 

From one point of view, this phenomen^rt is quite 
surprisfng. After all, different presidents pursue 

- 2 
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Years in office 



Figure 1. Trends in Presidential Popularity 
Source; Gallup Opinion Index 

Ke Y : Johnson, January 1965 - August 1968 

~ — - — Truman, January 1 9^4 9 - November 1952 



different policies and these policies appeal to some 
people and alienate others. The notion that presidents 
deliberately pursue policies that offend increasingly 
large segments of the population seems absurd in a 
country where politicians depend on public support to 
gain access to their office.^ B .^j^ presidents do not 
systematically pursue policies that offend increasing 
numbers of people, why does popular support for a 
president decline over time? 

3 
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\ possible explanation links this phenomenon to 
the nature of U.S. electoral politics. Prior to an 
election, president-, campaign vigorously as they seek 
to mobilize support for their candidacy. However, 
once in office, a president has far less time and 
opportunity to engage in the extraordinary kinds 
of mobilization efforts that are typical of campaign 
periods. It is therefore possible that a president 
Mil begin each term with an unusually high level of 
support. After all, in most cases a victorious presi- 
dent ha> managed to win a majority of the popular vote. 
\nd, in the general excitement following the election, 
the president may uel I pick up some additional good 
Mil from others in the country. 

As the excitement of a campaign dies down, and 
politics take on a more normal aspect, the commitment 
to a particular president that was elicited during 
the campaign and its aftermath probably weakens for 
many people. The president u i 11 lose some supporters 
if he pursues po 1 ic 1 es *HSt are disagreeable to them 
or' is generally unable to maintain the Kind of economic 
and political conditions his ^fipporters expect to 
obtain. On the other hand, the president is likely 
to gain some supporters from people who benefit from 
his policies or who simply ftnd that things are con^ 
Mderably , better than they expected them to be. The 
balance between loss of supported gain of new adher- • 
ent> will determine changes in a" president's popularity 
over time. Of cour se there is no necessary reason 
why this balance should wind up on the negative side 



For further discussion of this issue see John E. MueJIer, 
Wars, Presidents and Public Opinion (New York: JohnSm^y, 
1 973) • The model presented, here was originally developjsk 
by Joj>n Sprague and used to study public opionon by G. »7\ 
Boynton, "Sources of Change in Confidence and Trust in Govern- 
ment." paper presented at the* 1 97^ Annual Meeting of the 
American Political Science Association, Chicago, Illinois, 
August 29 - September 2, 1 97^4 . " 4 



tfrr most presidents. But it* it is true that >omc of 

the initial support a president receives is artificially. 

high, in the sense that it stems from campaign per- / 

formarn.es or even from an initial extraordinary effort/ 

to Mn public' support, then it is lik.ely that as the ' * . 

campaign dies down the president u 1 1 1 find himself losing 

more supporters than, he, gains adherents. 

I he phenomenon of decreasing presidential support, 
then, may be explicable without positing the existence 
ot callous presidents who fail to maintain support 
because thev are totallv contemptuous of pubj ic opinion. ' 
But if it 1 s true that the loss of presidential popularity* 
can be attributed to the unusually high support levels 
*gene rat ed J^r c amp<i i g*is which subsequently deciease to 
more normal levels that are determined by the general 
attitudes of the population, presidential policies, 
and existing political and economic conditions, then 
several question^ remain to be answered. Tor ORe thing, 
while it may be plausible to suppose,' that in a two 
partv system initial support for a pres ident w 1 1 1 be 
unusuall> high, it is also plausible to suppose that 
not all presidents will suffer a loss of support or, 
at least, that not all presidents will suffer a loss 
of support to the same degree. is hat, then, determines 
how much support a president lases during his term in , 
office'' Can presidents ever gain support over the 
course of their incumbency 9 If so, under what conditions? 
Then, too, there is the question of what constitutes * 
"normal" support levels. If presidential support j 
decreases to some noiVal level, what determines how 
hi^h this ^evel will pe 0 How fast do the 'effects of 
the campaign wear off so that this level is approached? 
Do all presidents have some normal support level, or do 
some generate such controversy that their support flue- * 
tuates wildly over t i,me? If support can fluctuate / 
wildly, under what circumstances would it be likely 

5 
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to do so 9 Are these circumstances likely to occur in 
the context of American polities' 

i 

A simple model of presidential popularity ma> be 
helpful in answering thes'e and other questions. Ihe 
model that is presented in Section/' 2 is undoubtedly 
a highly simplified representation of the realities 
of American politics. As such, it cannot hope to 
capture all of the complexities involved in public 
opinion about an incumbent president. Nevertheless, 
in many circumstances the model provides a close enough 
approximation to actual conditions that it can help us 
understand why, in a democratic political process, so 
many pres ldent^ genera te a trend of increasing political 
disaffection with {heir administration. ^ 



1.2 A Model of Presidential Popularity 

A simple model of the way in which support for a 
president changes over time can be formulated by noting 
'that there are only two ways in which the level* of 
support can possibly change: 1) people who had pre- 
viously supported the president withdraw their support 
or 2) people who had previously not supported the 
president change to a position of support for the 
president. Thus; if we know the level of support 
for a president at any time, we will know/the level 
of support he will receive the next time mis popularity 
is measured if we know how many of his previous sup- 
porters withdrew their support and how many new 
supporters he acquired in the interim period. 

To formalize these ideas, # let us suppose that^a 
president's popularity is measured in equally spaced 
time intervals. Thus,. we might have weekly or monthly 
or bimoi\thly information about the proportion of adults 
who currently approve of the way a given president is 
handling his job. This proportion will be represented 
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a> S arul called the ' , ;* 0 ji ; »rt jt i inwt. ti^t t. 

Muin , the siippoi t lex e 1 is g 1 \ en h\ t he f o rmu 1 a 

^ _ adult Uio app i »n y of t ho p r cs id en t at time ± 
t ^ total adul t popu 1 at ion "at t i me t 

Since the proportion of adults .supporting the president 
is measured in equal l> spaced time intervals, v%e can 
represent success wq time periods by successive non- 
negatue integers. lor example, if monthly data on 
presidential popularity ratings uere available for 
January through [December , v%e could treat January, the 
initial time tor ^hich data are available as t = 0. 
februarv uould then correspond to the time t = l, March 
fcould be represented by t fc 2, and December by t - 1 1 . 
The proportion of adults uho support the president in 
Julv, m this example, uould be-S^. 

Change in the level of support accorded a president 
between anv tuo successive time periods can be repre- 
sented as IS Thus, 

(2.1) iS t = S t+ , - S t . 

for example, using the monthly data from January to 
December outlined in the previous paragraph, AS g = - S g 
would be the change in presidential support levels 
between, September and October, 

** 

Exercise 1 < 



Suppose presidential popularity were measured in weefcty 
intervals between^January 1 and December 31, with t = 0 for the 
first week in^January. Assume k weeks to the month. How could 
you represent 

%a) the results obtained/in jthe .third week of January? 

b) the results obtained in the first week in March? 

c) the difference in popularity between the second and 
third weeks in February? ' 
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With this notation in mind, \>e' can begin to formalize 
the ideas introduced at the beginning of this section. 
Since S represents the proportion of adults who support 
the president at t, the quantity (1 - S ) Mil represent 
the proportion orf adults uho do not support the president 
at t, either because the) disapprove of him or because 
thev have no opinions or are indifferent on the issue. 
Ihe reason tor measuring S as a ; vcpcrtion of Uje^adult 
population supporting a president, rather than the absolute 
number of people supporting the president, is that the 
"proportion measure a 1 lou sf an ^asy alternative interpre- 
tation of i> . It is the average probability that an 
adult Mil support a given president at time t, in the 
tollouing s£nse. If Sj = o . t> ( t>(K of adults approve of 
the piesidentj v%e might say that the average probability 
that an adult supported the president a-t, the first t/ime 
period v%as o . t> , Mnilailv, the average probability that 
an adult did not support the president in this instance 
uou Id be 0 . \ . 

Change in the average probability that*an adult 
Mil bi±ppoit the president depends on the balance between 
the probability that the president loses support and the 
probability that the president gains support. Let f* 
represent the probability that a person who supports 
the president u i 1 1 withdraw his or her support by the 
next time period. The amount of support the president 
lo^es, houever, also depends-on the amount of v support 
he has. If t^here is a 10*> chance that the president 
Mil. lose a supporter -between successive time 

periods, and if he is, supported by 901 of the population 
at' the first time pSrrodV then the total loss of, support 
he'ean expect to rkeive at the second time period will 
be i 0,1 it 0.0 j = 0.09. I hat is, the president would only 
tct j in a 0.S1 levej of support if he gained no neu adher- 
ents, If, on vhe other hand, the probability that a 
supporter defects j's but only one half of the 

' 8 
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population supports the president, the loss of support, 
in *he absence of gains of new adherents, would be 
Mf.lHO.j) * 0.0S. Ihe probjbiiit\ of loss from time t 
to time tM is the probability of loss given 'that 
someone is a supporter at time t, times the probability 
that someone is a supporter at time t. The quantity 
fS t is the proportion of adults who withdraw their 
support from one time period to the next^ a measure 
-which can be interpreted 'as the probability of loss 
from time t to time t ♦ 1. f 

Similarly, let g be the average probabilin that 
a person who does not support the -pr es ident at some 
time will switch his o % r her view to support the presi- 
dency the next time period measured*. 'The quantity 
g is, thus»the rate of gain in support " enj oyed by a 
president. The probability of gainin^new adherents - 
is given by the quantity g(l - $ t ); alternatively, 6 
gfl - S t ) represents the proportionate gam in supporters 
between two successive time periods. 

^ Since change in the support for a president depends 

on the balance between losses of and gains in support, 
a simple equation for the changes in presidential 
popularity that occur over the course of a presidential 
term can now be formulated* <* 

(2.2) :s t = -fS* * g(l - s t ). 

Ihis equation simply states that^ changes in the level 
of support for a president between twp_ successive* t lme 
periods can- be found bysub.t rac t i ng losses of support 
(the proportion pf adulrVwho withdraw support) fifom 
gains in support (the proportion of previous noli- 
Supporters who begin to support the president). Note, - 
though, that the probab 1 1 i t f thatp supporter with- 
draws- support and the* probahil ity g that a non-supporter 
becomes a nonadherent are assumed to remain constant 
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throughout the ^otii^e ot anv presidential term. I hat 
15, neither f nor g is treated.a> a variable that 
chang.es over time* It* we have monthly data forborne , 
president 's term in office on presidential popularity 
ratings, the' model assumes that hoth the los> rate 
and the gain rate will be the same for any two 
successive months in the term. 

Clearly, v the .as sump t ion that f and g are constant 

in, any given pre's ident iaj^ tern is, an oversimplified 

representation of reality. \ president who ends an 

unpopular war might expect a large gain in suppoi t 

at the time he takes this action. If the press discovers 

that a president has taken bribes f rom major co rpora - 

tions, the p r e* iden t ^cou Id expect unusually high losses 

of support when the information was made public, i The 

probability that a supporter withdraws support or that 

a non - suppo r ter begins to offer support, >in short, 

depend'^ on what is happening at the time, and social, 

political, and economic conditions that affect these 

probab 1 J 1 1 les do change over time.' 
* 

Nevertheless, the examples- ment loned above are 
highly unusual. Presidents rarely knd .unpopular wars 
or get caught taking bribes. PoUticai life. is usually 
considerably duller than that. In most periods,- some 
people are hurt by changing political and economic 
circumstances, others are helped by these circumstances, 
and most are not noticeajbly .af feoted. While some 
variation in loss and gain rates occur during a prelsi^ 
dential term, the f huge changes that could be expected * 
as a result of e,nding an unpopular war or being caught 
in a major scandal are probably, rare . Thus, even though 
the assumption of a constant loss rate and a constant * | 
gain rate is violated in read life, there are probably 
many times for which^this assumption approximates 
political realities. .The model, in short, £ill probably 
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n^t i>c jMi' tc pn-dut all o\ the variation**' in support \ 
rati ng *» that u^ui dux mg a presidential term because 
it tails to liuoipoiate all of the factors that cause 
n1k>i ! tern v hanger in 1o>m^ and gain*? of support for 
a. pi cs isieiit . However, ir«these short-run $>ouicfcs of - fe 
\iriati«>n are "unor, ^ compared with^ longer -run 
teruiciu u'>, the model sfiould be able to explain and 
piedut jCliui.iI tienu> in presidential popularity. 

\ 'CuinJ i s^u^pt ion that h implicit in* the mode^ 
wan 4, e " -dititd to provide a better approximation to 
pul : t x.al it'll \ot that the lo>^ rate, t , 

j;.trKe> onh on anient supporters — a representation 
that in eminent lv reasonable > 1 ik e no president can 
Iom' no re support than he has. On the other hand, the 
gain i ate, g, operates on i\ non - suppo r t e r i> . That 
is, e\er\one who,, does not Support the* president is 
viewed a^> a potential future supporter. This assumption 

probabjv les* reasonable. Table Z, which gives 
the range of support re^eixed by some recent presidents, 
indicates that no president is 'likely to ever have 
HO*, of the population supporting him. At least, no 
recent president has managed to win as £iuch as^a 901 



'I ABLE 2 - 

The Range of Presidential Popularity 
Pres i den.t Range of % of Approval Received 



Ford 
N i xon 
Johnson 
Kennedy 
Trurfian 



11% - 1\% 
2k% - 682; 



15% 
57% 
11% 



80S 
83* 
87V 



Source: Gallup Opinion Surveys 
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♦ approval rate. In is h mi suipii-fn s Huh >iU 
undiu^teJI* people *hu hill ne\ei ^ii^tt^j 

pxes U U-nt ht\yihi thev aio un^JutKaMe Mippeiteis i 
U.e opposition pait\, 01 buuiusc thov' aie lai noi t 
radical ;n tb^ir political views than am pie>idtnt 
wuuld he, or >inpl* because t.hey iefusAto s U ppoi t an\ 
president on id ios\ nc jut k .g round- . lor most pie>i- ' 
dent^, then, the pool oi potential supporter u i 1 1 ^e 
les. than ol the population* 

I hc^s e vonsi Jc rat i <*i\ s c an be mco i pnrut ed i nt i 
the model ot pi t-s idt n 1 1 a 1 popalarit* b> introducing 
an an^zr linit ! to tne proration ol adult's who ni^t 
potenrialU appicue or a.pie-ident. Ih^s, can be done 
h\ *:i?suiTung that the propoition of adults a\af*g£le 
Vo switch their support to the president at time -t is 
not il - S t ) -- the full proportion of non - support mg 
adults but only (,L • S )^ for some L < 1 . fhus, 
instead t>f wr i 1 ing 

i:.:> is* - -fs t # * gii - sp 

we write 

(2.3) ^ iS t - -fS t * g(L - S t ). 

This modification leases us-with a model that is 
still a very s imple. repre^enta t ion of the process 
generating political suppert for a president during 
his term in office. However, the simplicity of the 
model is somewhat deceiving, Simple as it is, the 
model is still powerful enough to generate plausible 
answers to many of " the -substant i ve questions about 
declining presidential support levels that were raised 
at the end of the last section. Using the model to 
generate these answers, though,,, requires some mathe- 
matical manipulation of the moctel to extract the various 
consequences that fallow from the assumptions embodied 

> 
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in the model. The preliminary manipulation required 
for further analysis is presented in Section 3. 

1.3 Change in the Level of Support over Time 

The model of changes in publ ic\uppor t fo.r 
presidents that was developed in the\ast section 
.allows us, to calculate the levels' of public support 
for a president, once the. gain rate g, the loss rate f, 
the upper limit L on support, and the initial level of. 
support S Q for a president are known. 1 To see t^his, 
recall that the model -states that changes in popular 
support follow the law 

(3.1) u AS t - -fS t ♦ g(L - S t ). 

Suppose we know the initial level of suppor\, S Q , 
as w>Jl as the values of f, g, and L. Then we can 
calculate the level of support the president will 
receive at the following time period, Sj: 

(3.2) AS Q - Sj - S & - -f S() ♦ g( (L-S 0 ), « 

< 3 - 3 ) s i = s o - fs o + «a-s 0 ). 

.After some simple algebraic manipulation, (3.3) becomes 

(3.4) S j. = (1 - f -g)S 0 ♦ gL, • 

If the values of Sj can be calculated, then ' 
so can the value of S 2 -' For,- 

(3.5) ' ASj * S 2 v Sj = . fSi , g . (l . 

. ' S 2 = S l " fS l + 8( L " s i). ' 

1 \ 
( J -6) S 2 = (1 - f - g)Sj ♦ gL. 

When f, g, t, and Sj artTknown, it is a simple matter to 
compute the value of 



In a similar fashion, it is easy to show that 
(3.7) S 3 ■ (1 - f - g)S, ♦ gL. . 

And, in general, ♦ 

13.8) S tM ■ (1 - f - gjS t ♦ gL. 

^Thus, if know the values of the parameters f, g, 
and L, and the initial level of support, S^, all sub- 
sequent levels of support can be generated by simple 
caJculat ion. 

Exerc i se »2 * 

Suppose you are given the following parameter values: 
f * 0.05, g = 0.15, L - 0.8. Cajculate the values of Sj through 
S J0 for an initial condition S Q * 0.8. 

(People wi thout calculators will find it easier fo ge£ approximate 
results by rounding to two significant figures at eacll step. 

Graph your results. What is happening to support levels? 



b 

1.4 The Impact of the Initial level of Support ^ 

We can even develop a formula that Mil 
allow us to calculate thc^ level of support at any time, 
S , from the value of the initial suppor-t leveM and 
the values of the parameters f; g, and L. 'To see this, 
note that since 

(^D . Sj - (1- - f - g)S Q + gL 

\ . y 

and \ 

(4.2) S, ■ (1 - f - g)Sj * gL, 

then by substituting Equation 4.1 into Equation 4.2,, 
we have* * 

14 
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S 2 = (1 - f - gj[(l - f . g)S Q + g L] + gL. 
After rearranging terms, 

(4.3) S, » [I - f - g) 2 S 0 * gL[l + '(-1 - f - g)]. 

Similarly, since 



(4.4) 



Sy " (1 " f " g)S 2 - gL, 



vve can calculate directly from S Q by substituting 
Equation 4.3 into Fquation 4.4. Spec 1 f ic ra 1 ly , / 

S 3 = fl ■ f * «V ' 1 ' f ' g) 2s 0 + «L[1 * (1 -x4)]' + gL 
\nd , after rearranging terms, £ 

S 3 = (1 - f - g) 3 S 0 * gL[l * U - f - g) * (1 - f - g) 2 ]. 



M . S ) 



If we perform the same operations to calculate S 4 in 
terms of S Q and the -parameters f, g, and L, we have: 

(4.6) S 4 = (1 - f - g)*S 0 l + gL[l + (1 - f - g) + (1 - f - g) 2 

+ U - f - g) 3 ]. . ° 

And, by extending this out as many time period's as - 
are desired you can see that in general 

( 4 - 7 > s t = U ■ f - g) t s 0 + gL[iMi-f-g)Mi-f-g) 2 

(1 - f - g)^ 1 ] ' 
While this formula is somewhat cumbersome to use, 
ut can be shoVn to be mathematically equivalent to a some- 
what .no re tractable formula':^* 

' (4 - 8) s t ■ (»•'-«>%• ^j) ♦rfjj . \ 

Some simpfe^ examples indicate that this formula* 
will generate the same resul ts genera ted by the previous 
formula. To see this, let us use the formufa to derive 



This is demonstrated in the appendix. See also Sanue! C^oldberg, 
Difference Equations (New York: Wile\, 195§), pp. 63 - 67. 
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ex pre* ^ i on^ tor 



S, » ( 

s 2 » l 

S, = ( 

s 2 « ( 

s, = ( 



and , : 



- t - Ot' s 



t - g • -s 



gl ] „ gl 

^ I 11 f + g; t ♦ g 

* ^TT [1 - 11 - f - g)] 



ll t ♦ g 

- f - gis 0 - gl 



which is the result that obtained before. Similarly 



• t - gr ,i> 



u f * gj T^g 



f -g) : S 0 * C2f - 2g - f 2 



, 2 - i 



- f - g) 2 S f) + gL(2 - f - g), 



which was also obtained before (4.3). 



1,5 A Numerical Lxample 

* o 

» A numerical example may help to illustrate 
the use of the formula to predict support levels. 
Suppose that for some presidential term parameters 
are estimated and the resulting model turns out 
to be ^ "* 

(5.1)V AS t = -0.2S t ♦ 0.3(0.8 S t ) . 

Suppose, further, that we know t}iat the president 
started his term with a support ' level of 0.7 (i.e., 
Sjj - 0.7).' he can generate the levels of subsequent 
support predicted by the model b*y using the recursive 
formula : 
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(5.C) S tM * (1 f - g)S t * gl. 
or by using the general formula- 

Let us|start v% 1 1 h the fi^t formula. Then we ha\e 

s. = « 1 - «) . J .'). S i ( 0* " 1 ♦ ( 0 3 M O.S J 
l * 

s j = 1 1 . s i i 1 1 . " i + i ) . : 4 

Sj = ~~ ' ».:-: = I'. Si>. 
I he ne\t tine powitt i ^ computed by 

S -> = 1 1 . 2 ' . > ) i (i . ,v> 1 * 0.24 
>> , = ' 1 J 1 » > + ■ .2 ] - \ 1 . S 3 S . 
If we use the second formula, we have 



s. - .i • .».: - rt .sj« io.- - ^ * 



D.5 ; 0. 



\nd, 



Sj = 0.11 * ■* . 4 S - il.5*>. 



"S-, - '1 1^.2 - f>.^) 7 (0.7 - 0.48) + 0.4& 



S, - ii ♦ ti.48 = l). 335. 



• v 

The .same results are obtained. Note f/urther that suVport 
for ^phe president is doc reading even though the 
„j>iohli l u 1 1 1 . <g] of wirfnLng a new adherent is greater 
Jhan the probability if; of losing an old ^supporter . 
IKi.s is often the case. A president may have a better 
chance'of winning new supporters [than of losing ol^l 
supporter* and still experience a declining level of 
support. Ihis result is explained in Unit 300. 
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Exercise 3 

1 i 

m Consider the graoh you drew for Exercise 2. Can .you tel! 
why support is declining? Why doesn't support decline all the 
way to 0? j 



I . o Cane 1 us l on 
i 

* It hard tcj understand wh> U.S. presidents seem 
so likely to lOb'e support during the-rTiterm in office. 
If presidents don't try to offend the public, why has 
no recent president managed to gain support during 
his tenure 0 \nd vvhy do many presidents lose a sub- 
stantial amount of support while in office? 

To answer this question, we have] developed *a 
simple model of the way support for a pres ident w i 1 1 
change over time. This mode 1' expresses the change 
in a president's level of support' from &nc time to 
the next as a function of the balance between the 
Ios~ses he suffers from previous supporters and the 
gains he receives from non-supporters: ♦ 

AS t = " fS t + g(L " S t K 

As .was shown above, this model can be used to 
predict the level of support a president will receive 
over time, once the loss rate, f, the gam rate, g, 
the upper limit on support, L, and the initial level 
^of support, Sq, ^re • ^ e appropriate formula is » 

st-ci-f-.) 1 K-A) 

Since we have not yet analyzed the model, 
cannot draw many conclusions from it. However, even 
at this stage one important conclusion can be drawn: 
a president nay have a greater chance of gaining new 
supporters than of losing old supporters and still 

18 



90 



I 

' i 1 . - . \ou ^av> Xhi ^ 

f 

\ii\)\ku i j, t \ \t i v i n L .ip J the phenonenon ^an he tra^td to 

tlu »*avt A\ it t}u i|iwpnt\ il-i gi r rn the foniTula foi 

s t -^:ean'. in ^i~e ^ i r v i iik iuimii^ r no mattoi uh i< h of 

tU pr oi»a l . i 1 i t i o > t an J g is lai^ei. I he onlv time 

t i ^ 

t 1 tails ti appiiXKh H uith i ik* leading t is uhen 

t uwi j ire hoth a ur In-th 1. Ihus a pi csident •> lose 

p"i t not iuus'.ji ih 4 tie to the fact that he 

riwis [ urMud pel u its that alienate man\ speoplc. The 

piluit- ru pur>>Ji ^ m n h t . nuito populai, in the sense 

thit .u cam- lieu Mijpmt .it a fughei lau thari^he loses 

o I J oppo r t . 
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> 

In tfu preceding unit, the expression 

'S t * -ts t ♦ j-tl - S t ) < l 

was pi evented as a dt^i,iption ot cluing in^ presidential 
suppoi t levels ovei the toui>e ol a president's term 
in otii^e Ihis t-juatuMi m he uhv! to gentiatc 
pit.dt.ud U i ul ^ oi N.ip; J( »i t ioi am pitsident avoiding 
to t lit i orrnu 1 ,i 

t *>■ t * R J rrg ■ 

Thus, for given values of the parameters f, g, and L, 
and a given initial level of* support', S (} , uo can, 
analy:o what happens to presidential support levels 
over time. - — 

Let us-t'irst consider the quantity fir - f - g ) 
as it changes over time. ^Note, first pf alj, that if 
the quantit) (1 - f - g) is greater than -1 but less 
than I which >i 11 occur* if the su*m of f a*nd g is 
Between 0 and 2 then the term (1 - f - g) c v% 1 1 1 
decrease over tune. This occurs because fractions 
decrease .when raised to higher powers. lor example, 

/ ' 
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In-fact, over 


a "verv 


long time peripd the term 


\l - f - g 
is between 


) r 

1 


will eventuallv approach 0 if (1 - f 

f p to , 

and 1. T j , for example, is equal 



g) 



ttttt* a number which is sliehtlv less than 0.001, 

whereas j^j; is ^equal to 3 ^ ^gg » a number which is 

about 0 , U0tfu3 / „ * 

/ * * * 
A The term, 

/ \ 



on .the other hand, is simply t he^ d i f f-erence between 
two constants* and as -such will remain Constant over 
J 0 time. Thus, the entire quantity represented by 

«/• f -As-jk 

* s # 

is the product of one term which decreases over time 
(so long as (1 - f - g) is *between^-l and + l] and 
another that stays constant^over time. Th'is' product, 
then, w i*l 1 always decrease over time. As an lll-us* 
tration, consider the changes in -the quantity |r(0.7) 
w over time. - 

/ f \\J - • 

[i] ' fo.rj ■ o. i;s 
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P^r this example, not only i<; fho product ot these 
two term* approaching U ; it is approaching it ver> 
rapidly. If this model is applied to monthl> data, 
the example above indicates that within six months 
the product 

contributes virtually nothing to the level of S . 
Of course, if different values of the parameters and 
initial support levels are used, the impact of these 
two »terms ir/ight not diminish so quickly. o But as long 
as the quantity (l - f - g) is greater than -l but 



will 



less than M, the product (l - f - g) l [S Q j^- g 
become smaller over time and will eventually approach 
zerg. r <~ 



This means though , that eventually the value of 
S t will be determined almost exclusively by the value 
of I^g" " lo see tnis » not ^ that if 



i 



f + gj f ; g ' 
and * f the quantity , ' 

becomes very small, then .the' value of S will be almost 
equal to that of Furthermore, since (l-f-g)* 

i&f getting smaller and smaller over time, S^is getting 
closer and closer to the value of throughout the 



or 



presidential term, are thus let t with a very impof 

tant cone lusion . r ;\ :K ;.< r;« .y - - j 1 .ji^atcv 
:-.:> : At I. <k- ;» ;, :; tt > 4 f/ ; t ■ 0 ^:r^rr, . , , 

, ' ... w 

Let u s wOnsiJei this normal leu el of support more 
wlo^olv. since I represents the upper limit of poten- 
tial supporter, oi the maximum proportion of the 
adult population a president could ever hope to have 
support him, it is ceitainlv not possible for the 
normal level oi support to be 4 above L. In fact, in 
most cases we -would expect the normal level of support 
to be considerably below L . How far below L the normal 
level of >ufVport will be should depend on the relative*, 
sizes 'of t he probab i l-i t v that the pres i dent x ga ins new 
supporters- and the probability that the pre^s ident "loses 
old supporters. tire quantity indicates that the 

normal level of support >i 11 be some f ract ion* [g lVen 
b > f^~£ } °f f-- IJvi5 fraction is determined by ti>e 
size of the gain rate relative to that of the total 
change (gain plus loss) rate. It is conceivable, 
although hardly likely, "that this fraction will-be 
equal -to 1. and* thus the normal level^ of support will 
equa 1- the upper Tim 1 1 on support . In most^cases, 
though, presidents wiU Jjo^p some support during 
their term in office. Hence f will be greater than - - 
zpro and the normal le^el^of support will be below 
the uppe^r limit. 



The tendency of theMevel of support to approach 
a normal level that die rmined by the 'upper limit 
on support and the relative size of the igain rate 
^ 1,C '' 1 f +'g )^ 1S Iimited t0 the case where* the 
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quantity (1-Y-g) greater than -1 hjut les> than'l. 
For our purposed, though, th i ^ limitation, i> not. \ery 
restrictive. Recall that f represents the probubilit> 
that a supporter will' defect* in the interim between 
two periods when support is measured, and g* represents" 
the probability that a non-supporter will begin to 
support the president during the same interval. But 
probabilities can never be less than zero "(since a >< 
probability o*f zero means that there is no chance of 1 
something happening; 01 greater than 1 (since a , " 
probability of*one;neans that the e\ent will always 
occur). Thus, neither f nor g can take on negative 
values, nor can either take on a value that is greater 
than one. 

This restriction on the yalue of 'f and g implies 
that, in, virtually 'all cases, \the quantity (l"-f-*g) 



will be greater than -1 but le^ss than 1. Therefore 
in virtually all cases the lev^l of support will", 
over the course of a s president ifcl term, approach 
its normal level.". To see this,\note that if f and 
g are each greater, than zero butv le^s than one, the 
^ condition that (1-f-g) is greater than -l.but less 
than 1 is automatically fulfilled^ , For if 



0 < f < l 



and f. 



then 



and 



< 1 



4 



0 < \ 



-2 < -f - g < 0 ' 
which means that 

-1 < 1 - f - C < 1. 
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Thus, ^the onl> "cases we ne/?d to* con'sider as' 
exceptions to the restriction that' I T- f - g Vl-ies*' 
1 between -1 and 1 are the two extreme cases uheYe^ 
either f and g are both zero or f «md g are bojh one. 
Although neither v of these cases* fs likelyuo occur in 
practice, it i*s instructive to consider what vfrould 
happen were one or the? other to occur. Suppose, 
firstj^that f and g \*ere both equal' to 0. This 
would mean that the president never loses a-ny sup- • 
po«rt nor gains any new support. Hence? his le\el of 
support should never change, he u ill -always receive 
whate\er support he received initially. And rhis is 
exactl) what' the Inodel predicts would .occur. Tor if 
f and g are zero, then [l - f - gj is equal to 1 and 



r+i 



f + £ 



and, since (l) r is always 1, 



f 



4 If, on the other hand, f and g are both 1, the, 
president loses all supporters he'*had the previous 
time period, and gains all of the potential supporter's 
he failed to win .over the previous time. Unless tne 
proportion of supporters exactly .equals the proportion 
«f potential non-supporters', his l',evel of support will 

-always fluctuate as all supporter s /shift to non- 
supporters *ancL all potential non- supporters shift to 
supporters, and the situation swings back again.' And 

' this is what? the model would predrct. For if f and 
g are both 1, the quantity (1 - f - g) will "be ,equal" to 
•1. Jfie quantity (1 - f - g) 1 will thus .be equal to -1 
if t;is an odd number, and 1 if t is even. Initially,* 
then, S * S^. At the next time period, 
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which ¥pi11 be followed by^a level of support equal to 

and the f level of support wi 1 ^ contanue* to fluctuate ' 
between these two 1 evel s , 

♦ * ✓ ? 

, We are thus left w^th ^the conclusion that in 

virtually all circumstances , the level of suppbv t. 
received by a president will change over time* so 
as to approach the normal level of ^support' determined 
by f^+ g ' f* n &ztr erie eases , however, ,the leve I of * 
support will stay exactly eaual'io the initial level 
of support or -will fluctuate between this m level and 
the levet of support received in the pernod immedia- 
tely following- the initial &ne . 



2.2 Appjfoaches to tfy?, Efrui 1 lbrrum Level fr£ Support 

. - ''./'• • > t< * ~ * 4- ' * * ' 

,w The way in wh-icji Revels of support approach the' 

-equiljibr iufo one jnay^ #a>ry* considerably, '^Suppose, £\rst 

"of % a 1 \ , - tjtat ^ f ^rtd g £re/fajr A iy ' lowj -in particular, 

*' J.'. i f+ ^ « • • • - v "\ ' 

This means # that ■ ' 

t < I " - . ' . 

Since f-is the probability that a su^por A ter vvill" , f , 
defect, (1, - f^ is tfre probabili-ty that a supporter 
: will conti'ftue tb support tha president; i.e.,*(l - f) 
is the uate* at. which support is retained,. '/Ehe con- 
dition we 'are investigating, tjiea,/ is one , in which 
the pres ident*"is more likely to retain support than 
to gain new support. This situation should be -fairly 
stable, ;£h the sense that change's . should be* relatively 
stow -and smooth and wild fluctuations should not occur 



If g < 1 - f, then the quantity (1 - f * g) will 
be less than- 1 , but greater than zero (so long, of 
course, as f and g are hot both equal to zero). 
Sinae (1 - f,- gj is tfrus a positive fraction, the 
/•quantity Cl-0<'-g) t will also aKays be positive," 
although it Jill decrease as t gets larger. Consider 
% .what happens to the level of support^over time: 

. . «,-c!-f ; i>« b-T^i'^'-';. 

If the initial level of support is above normal, so 



then the entire cfuantity * . *\ 

will always -be greater thaji zero. This means that - 

Sj*will always be above S L . However, oVef time 

the quantify (1 - f -g) will decline and so will *the 

product (l-f : g) t • |s Q ; -^tjY -This product/ •' 

then, will a£d l*ess and less, to ^ . t Thus, S t ^ ■ 

will always be greater than >^ but over time it 

8 g'L 



will come closer and closer to the value of 



This situation is depicted in Figure 1. 

« Figure 2 illustrates the case wh^re g < 1 - £ 
•as*before, but the initial level of support. is Below 
normal. In this* case, - 



and 



S„ - t^- < 0. 



o rr^ 

Since (1 - f - g) 1 is still a decreasing positive 
number as t gets large.r, but ^Sq - '7 + gj *^ now 
negative, the product of the two will ^always be 
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f + g 



* Time 
Figure 1. Change in Presidential Support Over Time. 
Conditions: Initial support lis above normal 
0 < 1 - f *- g < 1 . 

* * 



0) 

1 f + g 



Time 



Figure 2. Change jn Presidential Support Over Time. 
Conditions:, Initial support is below normal 
0< 1 - f - g < 1. 



negative. S t , therefore, will always 'be l£ss than 

• 0ver time, (1 - f - g) 1 will become smaller 

and smaller and therefore a smaller number will be 

subtracred' from \ Thus will increase over 

r * g - r 

time and 'eventually approach its normal *Level 

5o Zc?n^ as tfce retention rate is greater than > 
the gain rate, then } change in the level of support 
will not exhibit severe fluctuations. ' Vnden these 
conditions , if* the initial level of support* is above 
normal, support will steadily decrease and approach - 
the normal level. If initial support is below normal, 
support will increase, approaching the normal level". 
% > 

On the other hand, if the gain rate is* greater 

than the retention rate, i.e., 

g > 1 - f . , * " *' 

then the quantity (1 - f - g) will be less than zero , 
(but still greater than -l^so long as f and g are not 
both equal to 1). *Thus' (1 - f - g) will be a negative 
fraction. But this means* that (1 - f - g) t will be 
positive if t is an eVen ..number 'and negative if t 
is an odd number: Thus, if initial support is aboVe 
normal, will be above if t is even,, and below ■ 

j&j if t\ is odd. Of course, since the size, of 
absolute value, of (1 - f - g)* will decrease oVer 
time, the entire quantity (1 - f - g)*^ - fV g J 
will contribute less 'and less additional support to 
jVg at the even numbered time periods, and detract 
less and^ss support f rom .y&L at the, odd numbered 
time periods. The resulting trend in S t is depicted 
in F iSH*- e 3 - If initial support is below normal , 
the resting trehd will be the same except that now 
S t will be below £&L_ if £ i s even, and above it if ' 
t is odd.-* In both cases,* though, a 'negative fraction 
value for (1-f-g) produces oscillations, that dedvJase 
over time, t • 
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Time 

Figure 3- Changes in Presidential Support Over Time. 

Conditions: Initial support is above norma,} 

t • 

.0< 1 - f - g< 0. 



* This resrflt is" not surprising 'in view of. the 
fact that it occurs when the gain rate is higher , 
than the retention rajte. this condition means that" * 
either the'gain rate is" very high or the' loss rate 
is vyery high. In either x*se**the situation will be 
in* flux: ' a* lot of people areJefianging their 'opinions. 
If f and g are 'both high, peopl?e -are changing opinions 
very frequently, is should result in* a considerable 
amount of fluctuation in tfte level of support. But? 
eve 4 if 4 'one 'of these [parameters is high, wfiile the 
other is not, flucutution should result. For example, 
if there is a high loss rate, and a moderate gain rate, 
-support will decrease as supporters defect in large 
numbers. But then the pool of potential supporter^ 
increases drastically and even a moderate gain rate 
will result in a net gain of support. Tfie high loss 



102 



rate means that such gains are not likely to-be 
retained, and the -situation can continue in the 
slaine vein until it eventually stab.il i zes . 



Exercise 1 . * 



Consider the following graph: m 
0.9 + 



0.6« 




£.3 



T ime 

a) What is the normal of equilibrium level of support? 

b) What is the initjal jeveJ of support? 

c) What restrictions on the values of the parameters* 
are* neVeVsary to produce thixgraph? » 

\ o 

We are now in a "position where *we can understand 
how, even .in a democratic political setting, many 
presidents manage to lose support during the course 
of. 'their presidential term. /f. campaigns generate 
unusually ^ high levels of support, as many people' 
hav/e suggested the^ do, then a trend o£ decreasing 
support will be manifest so long as a president re- 
gains support at a higher rate than he gaijis new 
adherents., But th*is condition is* likely tb> be realized 
in the U.S,, where party affiliations are quite stable 
and the level of interest in politics is fairiy low. 
Under these conditions^ people are not likely to * 
follow politics ver>; closely anil hence many people 
will tend to regain their impressions, of the president 
once they have initially formed them. Thus the pat- 
tern of support represented in Figure" i is probably 
typical for the U.S. ' 
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This does not mean that this pattern need 
always occur. It is conceivable, although probably . 
not very likely, th-at a highly controversial presi- 
dent would attract supporters and ali^ate followers 
quickly enough to generate a pattern of support 
similar to that of Figure 3. It'is not likefty .that ' 
such risky candidates would pass' the nomination ' 
process t but under certain circumstances they migJrt. 
It is also possible that a president would be so 
popular oncb in office that .he 'would attract numerous 
, new supporters throughout his term and actually 
increase hrs support level. This situation might' 
occur if the president were widely Viewed as the 
best of two evils at the time of the election but 
subsequently managed to become quite popular. There, 
'is nothing- inevitable about the, pattern of decreasing 
presidential support, and m fact it does not always 
occur nor does iT occur to the same degree. During 
his first term in yffice, tisenhower managed 'to retain 
an exceptionally high level of support. But if the 
mobil'ization'of supportTs unusually high during-, 
campaign periods, as is o,uite likely to occur, dnd 
'if people do not have highly volatile opinions, as 
is also /likely , a decreasing trend in -the level of 
presidential support- should be rriani f ested . And,' 
indeed this is what tends, to happen. 



-Exercise 2 



The following data represent Etsenhower.'s popularity at 
three month intervals during his first term in office (I953 - 

1956): % , - 

* > 

m 0.71, 0.74, 0.73, 0.65, 0.69, O.63, 0.68, 0.631 0.70, " 

0.69, 0.76, 0.75, 0.76,- 0.71, 0.68, 0.75. 

a) Graph these data. 

b) What fteramete* values would most nearly approxi- ' 
• mat-e*this graph?- ? 
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c) If you have access ,to a calculator, graph the level 

*of S t predicted by the model 'for the parameter values* 

* you *chose in part b. ^Compare this graph wi.th the one 
you obtained^ in (a) . 



2.5 Empirical Analysis 

A statistical tool linear regression analysis -- 
can be used to obtain estima-tes of the gain .rate, loss 
rate, and^upper limit on support for each of the presi- 
dential terms. This technique all6vvS us to find the 
equation of a line that best describe-s the relationship 
between two variables. Suppose, for example, the data 
presented in^Table 1 and g^phed in Figure 4 were ' 
available for fi^e people. The regression line, y = mx + b 
is determined by choosing values^ for the* coefficients m 
and ,b that minimize the sum of the squared differences 
between actual income and the^ income predicted by tbe v 
regression equation f\r each educational level*. The 
^avai labili ty of computer programs that calculated* antf b 

* \y ' TABLE f * • 

Income and Education-Levels 

' . A 

Years in School Annual Income 



-r- 



$ T, 000 
18,000 



^ \6 ' 

17 . 25,000 

' 12 12,000 

20 , ' 20,000 



. 7 

The formulas that determine m. anjd b are ? ,* , 

m(Ex. ) + na = £y . 

I t • * ■ - • 

m(Ix: 2 ) + b(£x.) = Ix.y. , 

i i ii ^ 

where n is the number of data prfints (x.,y.),and all the sums run 
front i « 1 to j = n. One first finds tne sums*, then solves the 
resulting equations for m a/id b. It can be shown by calcuJus 
technigues that the values of m and b found by this method mir\im*ize 
the sum • * 

Ky ; -mx.-b) 2 j ^ 

of the squares of the vertical distances b&tween the line y = mx+b 
and the data points <K.,y.). 



makes it easy for anyone w;th access to a computer or 
w programmable calculator, fo obtain ,the regression Hne 
for any set of data on t\so Variables*** ' 



25,000-- 
20,000-- 
15,000-- 



0) 



- 1O.000-- 



5,000 




y mx + b 



10- 15- 



20 



Years in school 



Figure A regression line y = Tnx + b fitted to the data from 
Table 1. ' 

. ^ TKis technfqueT helps us to estimate 'the gam^ate, 
loss^rate, and upper l\mtt m on support, because the. 
'equation y ^ . 

(3.1) AS t ^ -f S ^ g(L-S t ),. \ ? . . 

•which describes changes in presidential support, can'be 
rewritten in the form t • ' ' 

(3.*2) y = mx + b, * ^ " ' • ' 

as we sha41 now see. Since 

- ' \ As f - s t-i - s t>. 1 . 9 . 

Equation (-3.1) is equivalent to the equation 
(3/4] ;S t/l - s t -''-t\i;+ gL - gs t . 
By^t, then, / , « 

(3.4) S t+1 = S t - fS^. gS, * gL. 
. When we factor out an s' on the right, we obtain 



Uc mav fhen make the following substitutions: 



!•>,(>) 




(P. 7) 


• * • 


(3.8) 


• b • gL • 


(3.9) 


m = 1 - f'- g, 


to convert *l qua t ion •( 3. 5) 


,equ at ion 






y = mx + h 



V ■ ; 

This means that \ve can- use regression analysis to get 

estimates for m and b for a given set of data ,on. presi- 

* • * t 

dent i al,*siippor t leve-ls bv using Equation (3.1) with the 

* is » * * * 

subs 1 1 tut 10ns* given in c Equations (3.6) y(^. 9) ^ Once the' 

values of a and b are knottn, Equat ions . (3 . 8) a-nd*"(,3.9) 

provide information about the values -of f,.g and *• 

UnJ" ortiuiatfcly » these equat;ioiis do not^provide enough 
information t9 get unique estimates o'fj all -three parameters 

'However, %f tire value of one of*£hese parameters* is known,. 

Equations T (3.8)*and (3^.9) *wi*ll give us values for the , 
other two. Supptft/e , for example, that we ^somehow know , 
the value- of L. Then, from Equation (3.^ 

(3.10) \ g = b/JL , • , * 

and .thus# the value of^g can be calculated. "♦And, from 
Equation (3.9):, 

(3.11) < f = 1 - g -'kn, 'v 0 * 

so the tfaliie of f ca*ji be calculated. ^ • * 

Of 1 Cpurse^in order 'to "us^ Equations (3.10) a,nd 
(3.11), we need some way. of finding'the value of L.*~ 

( * v ' ^ 



Fortunately/ though, he'ffave some knohledge abo^t the 
upper limit of support a president may expect to re- 
ceive. .Table 2 in Unit 299, reproduced here, indicates 
that no receixt U.S. president has- - managed to'uiifcthe- 
support of more than S7* 0 of the population. Further- 
more, since Truman, the maximum amount of support 
received by presidents has declined. Thus ue know 
the maximum support receive*! b$ each ( recent president-, 
the maximum Support "any recent president lias- received, 
and the trend in maximum support levels'. This infor- 
mation can be used to obtain a fairly reasonable' 
estimate of the upper limit on support for any president 



TABLE 2 
-* 

The^,Range of Presidential Popularity 





1 3 

Range of 


Percent 




President 


Approval 


Rece i ved 




Ford 


11% - 






N Lxon 


24* - 


683 




Johnson 


35* - 






Kennedy 


51% - 


83* t 




Truman 


21% - 


873 





Suppose, for example, we wish to estimate the value of 
L for Nixon. At one point Nixon was supported by 681 
of the population (his highest level of support] and 
hence -his upper limit of potential, supporters must have 
been at least 68*. On the QtKeV'hand, his .limit was 
probably below the, &M ^igh reathed py Truman, since ^ 
the maximum support^ dLor.e.s idents has, declined in more 
recent yea^s. Thus^^^^^r|h we "do not know the value 
of L for iii^Ni-xon yeatfsV 1 1't'ls plausible to assume 



that- this^Eframeter was/ between%0 . 68 an'd 0.87. One 1 
estimate of L is simply the midpoint of this interval. 
Since we don't know where L is in the interval between 
0.68 and 0.87 our^best guess is that it is right in 
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between the two extremes. Thus, for Nixon, 
(3.12) 



L = "- b8 ! »- 87 = 0.775. 



Similar techniques can be u^ed to obtain estimates of 
L for other presidents. * ' \ 

\ 

•In summary obtaining empirical estimates for 
the paranfeters of Equation (3.1) requires two steps: 
1) Regress the 1-evel of support received by a president 
^ t +j) on lts previous level (S t k to obtain values for 
a and b, and 2) use estimates of a^nd b, in conjunction 
with Equations (3.K))^ (3.11) and a reasonable estimate 
of the value' of L to find the values of f and g. 



Exerc i se 3 (Requires access to a computer or programmable calculator.) 

a) Use the data on Nixon's popularity in Table 1 of 
Unit 299 » reproduced here, to obtain estimates of 
the regression of^Nixon's suffiort on his previous 
level of sjupport. Then use trie regression ^estimates 
%: - to obtain values of* f , g, and L for Nixon's second 

\ term. ' A 



Trend in Nixon's 


Popularity, 1 


073-19,7 




Approve D 


saptfrovej 


January, 1973 


m 


, 25* 


February 


65 


25 


March 


59 


32 


Apr i 1 


48 


40 


May 


44 


45 


June 


^5* 


45 


July 


40 


'49 - 


August 


38 


54 


September ( 


32 


59 


October \ 


27 


A 60 


November 


27 


63 


December 


29 


60 


January, 1974 * 


26 


64 


February 


25 


64 


March 


26 


65 


April 


26 


" 65 


May 


28 


61 * 


June 


26 


61 



Source: Gallup Opinion Index 
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b) Graph the actual values of Nikon's support over time I 
(as was done for other presidents in Figure 1 in Unit 
299) and the levels of support predicted, by th4 model. 
How close are the 'two*graphs? Can Vou think of an/ 
reasons for some of the discrepancies? 



-2.4 The Impact of Unusual Events * ' * 

The model of presidential popularity that has " 
been developed here is very simple. \ As was earlier 
noted, actual loss and gain rajtes probably do/not 
remain constant throughout the course of a presiden- 
tial term; but vary somewhat as conditions in th.e 
country change. Thus, changes in support s for a pre- 
sident will probably not follow the smooth pattern 
predicted by the model, but will' 'deviate to/some 
degree from these patterns. Nevertheless, if changes - 
in the loss and'feain rates are relatively *smal 1 , as 
they probably often .are, the model will work reasonably 
well in predicting general tendencies in the change 
of support * levels . " . 

However, it is* possible for ^n unusual event to' 
occur that 'temporarily changes the gain or loss rate 
considerably. Avpresident, for example, may make an 
unpopular speech, pull his dog's ears, or make some 
other mistake that temporarily incurs the wrath of 
the public. * Or, the'presideht may win a tax rebate, 
announce a major diplomatic victory, or perform some "7 
other feat that temporarily wins an unusually high 
leve]^ of soppqrt. 

"The key word here is temporarily.. If the president 
does not suffer any permanent* victory, or defeat as a 
result of these actions, We would qxpect that his level 
of support would tend to return to ; xjhe level of support 
he repeived prior to the occurrence of the unusual' 
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event. On the other hand, since it might take some 
time for the impact of the event to wear off, the 
effect of the event may not be negligible in a- four 
year presidential term v 

The model of 'presidential popularity can be used 
to analyze the effects of such events. If the victory % 
or defeat does hot permanently affect the president-' s 
image*we may suppose that all parameters - - f, g, and 
L will be the same after the event as they were * 
before the event. The occurrence of the event, then, 
temporarily displaces the level of supjport received by 
the president, but does not affect the 'probabil i ty 
that the p*^sident gains new adherents or loses old 
supporters, nor does 'it^af feet the size of the potential 
pool of supporters beyond the time when the event 
occurred. 

If,Jthis is true, then since f, g, and L are 
unchanged, presidential support shoul-d continue to 
track to the normal level determinedly the value 
2^r£. However, it will start tracking to this level • 
from a new place. And since the model predicts that 
future levels of support depend on current ones, v i.e., 



S t+ 1 = d - Vg) s t + gL> 



.the unusual event will have an impact on all subse- 
quent levels of support. The effect* of the displace- 
ment of support, then, is to set a new initial condi- 

~ >^ 
tion. Support will continue to track to the same* 

jfljjnormal or equilibrium level,, but it will do so from 
" different starting point. An illustration of this 
phenomenon is depicted iji Figure 5. 

If the displacement of support following an 
unusual event is not very large, then unusual events^, 
like small variations in the gain and^loss rats^T^ 
should lead actual changes in presidential support 
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* "* time 

-Figure 5» Temporary Displacement in the Level'of Support 

to e^%ibit | le*ss smooth pattern than the model pre- 
dicts*] but should not cause actual popularity changes 
to deviate from the overall pattern predicted by the 
model, H^ever, »if the displacement "is very large, 
then even though support will continue to track to the 
old normal level, it will do so from such a different 
starting point that, over the course of a four-year , 
presidential term, actual and predicted changes , of I 
support may be quite different. The model, then", 
*woul& be inadequate to deal with cases where either 4 
unusual events lead to huge terapdrary displacements j 
of support or with cases where gain and loss rates 
exhibit large .amounts of fluctuation during the course 
of a presidential term. 



Exercise h 

Suppose a temporary displacement" occurs that does not 
•permanently change any of b the* parameter values as follows- 



Graph the behavior of S t predicted, ky the /"node! following the 
temporary displacement. A v 



2,. 5 Conclusion 

The model of presidential popularity developed 
here is quite simple; It treats chances in the level 
support -received by presidents as iTfunction of - 
the balance between the average gains and the average 
losses of support for a president during his term in 
"office. The model ignores all* of the variations in 
support that stem from short term changes in political, 
-economic, and social conditions, and thus cannot hope 
to capture all of the variations in presidential 
support levels that actually occur. Nevertheless, 
it is powerful enough to capture longer trends in 
support levels and is helpful in explaining why pre- 
sents tend to lose support during their terms in 
office. In fact r in many cases where the- parameters 
of the model are estimated from survey' data, the trend 
predicted by' the model' comes surprisingly close to 
tfye actual levels of support received J>y a president 
over time. 

J 

The model > is also quite helpful in suggesting 
condit-ions under which different patterns of support 
might emerge. Although many ofthese conditions are 
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likely to beware in th£ context of American presi- 
dential politics, they may be realized far more fre- 
quently in different contexts. For example, if the 
model were used to study support for the Chief Execu- 
tive m'some of the countries with multi-party systems 
the results would probably be quite different. Then, 
too, the model might be applied to changing public 
opinion concerning issues other than presidential 
popularity. Public opinion on the abortion issue, 
for example, or on civil rights issues, would in all 
likelihood follow a different pattern from the one 
predominant in presidential support. 

This is not to suggest that this modei can or 
should be used to study changes in public opinion* 
concerning all issues. There are some issues for 
which short term forces not only predominate j$ 
determihing the level of support but are also the 
most interesting aspects of the analysis of support. 
Thus, we would be primarily -interested in factors 
that affect the loss and gain rates at any particular 
time, and would not wish to use a model that assumes 
constant loss and gain 'rates. But there are also 
many issues for which such short term changes are 
not predominant and thus the assumption of constant 
loss and gain rates provide a fairly reasonable • 
approximation to reality. For such issues, this 
model provides a helpful tool in analyzing long term 
trends in support and the conditions that generate 
these trends. 



3. ANSWERS TO EXERCISES 

Unit 299 % . , * 

Exercise 1 

» 

a) . S 2 

b) • s 8 . . , * • • ' * m 

o) AS* , or S -S c . ' 

Exercise 2 | 



s 1 




0.76 






0.73 


S 3 


= 


0.70 


S i, 


3 


0.68 


S 5 


3 


0.67 


S 6 


S 


0.65 


S 7 


• 

S 


0.6V 


S 8 


0 


0.63 


S 9 


3 


0.63 


S «0 


3 


0.62 



Support is declining, but it is declining at a decreasing rate. « 

I 

Exercise 3 

The model is: S t+| = 0.8s t + 0.12. That is, to calculate the 
value of S at any time, we take 80% of its previous value and add 
the quantity 0.12 to the result*. Since supporr starts out high » - 
•(S n '.= 0.8) -the quantity. 0.1 £ 4oes not compensate for the loss that 
occurs as a result of taking n b*nly 80* of the previous value. For 
example, 80% of Q.8 Js 0.64, which hs 0.16 below 0.8. Thus S fc 
declines over time. But as S t declines, 80£ of the value of S t « is 
a smaller number, and & the quantity 0.12 makes up a larger propor- 
tion of the gap. Thus 80S of 0.76 is 0.608, which is only 0.152 below 
0.76. ^S t , in short, declines, but it declines less and less as $ gets 
smaller. Furthermore, S f cannot decline all the Way to 0 because 
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the quantity 0.12 always makes up for at least part oT the'loss 
that occurs as the>esult of taking only 60% of the previous value. 
If S t could get small enough, 0.1? would more than compensate for 

•Hhis loss. For example, if S t = 0.5. then 80% of 0\5 is 0.4, which 

% i's a Joss of only 0.1. would then be 0.52., 

Unit 500 1 ' • . ' 

1. a) The normal or equilibrium level of support js about 0.5. 

b) The initial level of support is 0.3. 

c) 1-f < g < I, 0 < f .< 1 . .' j * 

2. Eisenhower's support fluctuates between about 0.63 and 0.76, 
but it does not do so with any prominent regularity. One 
solution, therefore, would be to suppose fluctuations in 

the data occur as the result of minor changes in the -gain * 
a or ,oss ra te or as the result of temporary d i sptecem&.ns . 
On thTs solution, E isenhower 's 4 support would be treated as 
a constant popularity rate (with minor fluctuations, due ' 
to factors not incorporated in the model); thus«*f and g 
are both 0 (or close to 0) and s is about 0.7. 

3- b « 0.03^219. 

m = O.BA6596 ' * 

g ^0.0A 

f = o.n 



APPENDIX [ ; * . * 

- DERIVATION, OF THE GENERAL sflj&^ION lv* * ^ 

- It is not difficult to show that ^j^tiorf C^?'/'^^ , 
of Section 1.4 can be derived f rom^Equat?S^^^J|%^* c -v^. 
However, to do thi.s requires a pre.Jimi4)ary^S%&ig^^ 
"result. This result allows us 1 to simplify *tn^syfjf&4^ \$L 
the first n consecutive powers of any * numbed r- r,r«^V £q!,1ow&wl 

CA.l)' • *1 ♦ r ; r 2 '- r 3 ♦ ... r"" 1 = ^.^^ V^"/ 

(The first power in the list is r - 1.) To see wny, 

this, formula holds, let the sum' of the left-hand sid*£.«" r * 

f*? -" ' 

of Equation (A.l) be denoted -by S . Thus,, /&^»*» 



(A.2) • S - 1 + T ♦ r 2 ♦ r 3 ♦ ... ♦ V"" 1 .-- * *Tp« 

/ *>vfr ' 

If both sides of Equation (A.2/) are multiplied by the* 0 x 
number r we have / 

(A. 3) rS n * = r ♦ r 2 ♦ r 3 \ r 4 + ... ♦ r n . * , . 

Tljen*, if Equati-on (A. 3) is subtracted from Equation (A.2),, 
most of the -terms on the right-hand side will drop -out , . 
leaving. _ - r \ 

'(A. 4) *\ rS n - 1 - r n . /, * W 

. t^r / ■ ^ 

To demonstrate the validity of Equation (A.l) all we need 
to do is to^factor S n outvof. the left-hand' side of 
Equation (A. 4) and then divide both sides of the resulting 
equation by (1 - r). .Whence do so we find that . ■ t * 

1 - r n 

Since Equation (A.2) states that*S n is'equal to the lum 
in the left-hand side of Equation (A.l), the result in , 
Equation (A.5) proves that Equation (A.l) is 'true. 
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Since r can be equal to any*number, we may set r 
to be the number (1-f-g). Thus Equation (4.7), which 
states that 

* % S t ■ [l-f-g)*sj ♦ gL[l+(l-f-g) 

♦ d-f-g) 2 ♦ . . ♦ (i-f-g) t_1 ] r t 



may be restated as 



.(A. 6) 



r"S 0 + gL(l ♦ r + r c + . . . + r*" 1 ) . 



The quantity ln'brackets on the. right -h^nd side of 
(A.t>)j is a sum like the one in Equation (A.l). 



Us] 



ing the result obtained rn Equation (A.l), we have 



(A. 7) 



1 + r + . . . " + r 
Tttfh Equation (A. 6) becomes 



(A. 8-) 



h * r S 0 + gL r 



1 



If we substitute (1-f-g) back in place of r, we e can obtain 
Equation (7\.9): 



(A. 9) 



S t = (l-f-gVSjj ♦ gL 



Or, by simplification; 



{A. 10) * S t - (l-f-g^S*** gL 



1 - (1-f-g) J 



F+g 



1 



After rearranging terms', * 

(a. id s t = (l-f-a)^ ♦ f± - f^a-f-g) 1 . 

Finaliy, 

"(A.12) S t = (l-f-g) t (s 0 - + .£L 

which is precisely Equation (4.8) v 
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v This unit was presented .in preliminary form at the Shambaugh 
Conference on Mathematics and Political Science Instruction held 
December, ^ 1977 at the University of Iowa. The Shambaugh fund was 
established in memory j of /Benjamin F. Shambaugh who .was .the first 
and for forty years served as the chairman of 'the' Department of 

: Political Science at the University of Iowa. The funds bequeathed 
in h i, s memory -have permitted the department tp sponsor a series of 
lectures £n>d)con feren'ces on research and instructional topic's. 

v The Projec^would like^to thank participants in the Shambaugh 
Conferefife for their review^, and all others who assisted in the 
production of thiS unit. ' 

This unii was field-tested and/or student reviewed in 
preliminary form by: Jonathan Choate, The Grotorj School, Groton. 
Massachusetts; Bernice KastneryMontgomery College, Tacoma Park! 
Maryland; Ann Holley, SSn DLo^o fvenjng College, San Diego,. 
California; Carol Stokes., DanvilTe Jr,. College, Danville, Illinois; 
Joseph^ McCormack, The^Wheatley School, Old Westbury, New York; and' 
J.W. Uebelacker, University of New Haven, New Haven, Connecticut, 
and has been revised on the-t^asU of data received from these* 
sites. * £ 
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